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1. Introduction

Projection-cost preservation is a low-rank approximation guarantee which ensures
that the cost of any rank-k£ projection can be preserved using a smaller sketch of the
original data matrix. It has recently emerged as a fundamental principle in the design and
analysis of sketching-based algorithms for common matrix operations that are critical in
data mining and machine learning.

Prior to introducing the formal definition for cost-preserving projections, we state the
general constrained low-rank approxzimation problem. For any matrix A € R™*? and
a set Q of orthogonal projection matrices P € R¥*? with rank(P) = k, we seek the
minimizer of the following optimization problem:

P* = argmin |A — AP||%. (1)
PecQ

Here, the term || A—AP||% is called the cost of projection P; recall that | X||% = 3=, ; X3;.
Two simple examples will help clarify the importance of the above formulation. First,
let € be the set of all rank-k orthogonal projection matrices: in this case, the problem
of eqn. (1) is equivalent to finding the best rank-k approximation to A, which can be
computed via the Singular Value Decomposition (SVD) in polynomial time. Second, let
A be a data matrix whose columns represent d points in R™ and let €2 be the set of
all orthogonal rank-k projection matrices of the form P = XXT. If we let X € R4xF
denote the rescaled cluster-membership matriz, i.e., X;; = 1/,/5; if the i-th column of
A belongs to the j-th cluster and zero otherwise (s; is the size of the j-th cluster),”
then the constrained low-rank approximation problem of eqn. (1) is equivalent to the
well-known k-means clustering problem [10].

The above discussion shows that, depending on the set €2, the optimization problem
of eqn. (1) can be easy or very hard to solve exactly. Indeed, the low-rank approximation
problem can be solved in polynomial time via the SVD, whereas the k-means clustering
problem is NP-hard [3] and a polynomial time algorithm is unlikely. The projection-cost
preservation formulation of the optimization problem in eqn. (1) replaces the full matrix
A by a smaller sketch A € Rs*4 with s < n, in order to reduce the solution cost.
The following definition first appeared in [8,23]; see Section 1.1 for a discussion of prior
work.?

Definition 1. Let A € R™*¢ be the input matrix and let W € R**" with s < n be
a sketching matrix. The matrix WA is a rank-k projection-cost preserving sketch of A
with error € € [0, 1] if it satisfies

2 Note that every row of X has exactly one non-zero element and its columns are pairwise orthogonal and
normal.

3 The original definitions of [8,23] included a non-negative, fixed constant ¢ as an additive term, which
does not add any generality in our setting.



146 A. Chowdhury et al. / Linear Algebra and its Applications 573 (2019) 144—-165

(1-¢)|A—AP|% < [WA - WAP|% < (1 +¢)|A - AP|[3, (2)
for all rank-k projection matrices P € R4 (1 < k < d).

In words, the so-called projection-cost preserving sketch WA can replace the original
matrix A in the optimization problem of eqn. (1) with a small loss in accuracy (see
Lemma 3 of [8]) and thus one can solve the sketched problem instead of the original
problem. We will now slightly manipulate Definition 1 by rewriting the rank-k projection
matrix P € R%? as follows: let X € R?*(4=F) he a matrix whose columns form a basis
for the subspace that is orthogonal to the subspace spanned by P. Thus, P = I; — XXT
and X"X = I;_; (I is a square identity matrix of appropriate dimensions). We can now
rewrite the exact and approximate cost of the projection P as follows:

IA — AP|f = | AXXT|} = || AX]|[%, and
IWA — WAP|% = [WAXXT |} = [ WAX|%.

The final equalities in both derivations follow from the unitary invariance of the Frobenius
norm. We can now state our (equivalent) definition of cost-preserving projections.

Definition 2 (Cost-preserving projections). Let A € R™*¢ be the input matrix and let
W € R*™ with s < n be a sketching matrix. Then, WA is a rank-k projection-cost
preserving sketch of A € R"*? with error ¢ € [0, 1] if it satisfies

[IWAX||% — [|AX]%] < e|[AX][, (3)
for all matrices X € R%*(4=k) guch that XX = I;_x (1<k<d).

Building upon the above definition, our main contribution is a general, structural re-
sult (Theorem 2) presenting four sufficient conditions that a sketching matrix W should
satisfy in order to guarantee that the sketched matrix WA is a cost-preserving projection.
The proposed sufficient conditions all boil down to sketching-based matrix multiplication
(see Section 4.1 for a review), a fundamental and well-studied primitive of Randomized
Linear Algebra (RLA). Such structural results have been of paramount importance in the
RLA community, as they typically decouple the linear-algebraic component of a problem
from the randomized algorithms that are employed to satisfy the structural conditions.
See [19,15,13] for similar structural results for a variety of linear algebraic problems for
which randomized algorithms have been designed, including ¢5 regression, SVD approxi-
mation, the Column Subset Selection Problem, etc. In Section 4, we instantiate our main
result (Theorem 2) to show how different constructions of the sketching matrix W satisfy
the structural conditions of our theorem. We hope that this linear-algebraic exposition
of the cost-preserving projection problem will help bring it to the forefront of the linear
algebra community and stimulate further research on this fundamental problem.
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1.1. Related work

The importance of cost-preserving projections was first recognized by [8,23], who
coined the aforementioned term for the problem of Definition 2. Their work provided
several ways to construct provably accurate projection-cost preserving sketches and also
demonstrated their applicability to constrained low-rank approximation problems, such
as k-means clustering. Their work recognized the importance of structural results for
cost-preserving projections and actually presented a related structural theorem, which
is considerably more involved and complicated than our Theorem 2. In a more recent
paper [9], the authors showed that ridge leverage score sampling also satisfies the cost-
preserving projection guarantee. Interestingly, the results of [8,23] and [9] are quite
independent and different from each other in terms of proof strategies, at least to the best
of our understanding. A major motivation of our work was the unification of these two
seemingly different approaches for cost-preserving projections using the same structural
result.

We do note that prior to [8,23], the idea of projection-cost preservation was also dis-
cussed in [16] (see their Definition 2) and it was also implicit in [10,5]. Cost-preserving
projections have also been connected with the construction of coresets* in machine learn-
ing, computational geometry, and theoretical computer science. We refer the interested
reader to [4,16-18] for detailed discussions. In particular, [18] addressed the existence and
efficient construction of coresets using a definition that is almost identical to Definition 2.

2. Notation

Given a matrix A € R"*4 let A;. denote the i-th row of A as a row vector and
let A,; denote the i-th column of A as a column vector. Let the (thin) SVD of A be
A= UnxrzrerdTXT; subscripts denote matrix dimensions and r denotes the rank of the
matrix A. It is well-known that UTU = VTV = I, and ¥ = diag{oy,...,0,} consists
of the non-zero singular values of A sorted in non-increasing order, o1 > --- > o, > 0.
Let A,, be the best rank-m approximation to A and let A,, | = A — A,,. We will use
the slightly non-standard notation 3,, £ diag {o1,...,0m,0,...,0} to denote the r x r
diagonal matrix whose top m entries are equal to the top m singular values of A and
the bottom r —m entries are set to zero. Similarly, ,, | = diag{0,...,0,0m41,...,0.}
is the r x r diagonal matrix whose top m entries are set to zero and the bottom r — m
entries are set to the bottom r — m singular values of A. Clearly, ¥ = X, + %, |,
A, =U%, VT and A, | =UX%,, | V.

We will make frequent use of matrix norms, norm inequalities, and matrix trace
properties; we refer the reader to Chapter 2 of [14] for a quick introduction. We do note

4 In words, coresets are small sets of points that approximate the shape and properties of a larger set of
points.
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the strong submultiplicativity property of the Frobenius norm, namely that for any two
matrices A and B of suitable dimensions,

|AB||p < min{[|Afl; - Bz, [[AllF - B2}

An important tool in our analysis will be von Neumann’s trace inequality; recall that the
trace of a square matrix A, denoted tr(A), is the sum of its diagonal entries.

Proposition 1 (Von Neumann’s trace inequality [22]). For any matrices A,B € R™*™
with singular values o1(A) > 02(A) > -+ > op,(A) and 01(B) > 02(B) > -+ > 0,(B)
respectively,

|tr(AB)| < Z 0i(A)o;(B).

In Section 4, we will make frequent use of a fundamental result from probability theory,
known as Markov’s inequality. Let X be a random variable assuming non-negative values
with expectation E[X]. Then, for any ¢ > 0,

P (X >t -E[X]) <

o~ | =

We will also need the so-called union bound: given a set of random events £;,&,...,&,
holding with respective probabilities pi,po,...,pn, the probability that at least one of
these events holds (i.e., the probability of the union of these events) is upper-bounded

by Z?:l Di-
3. Our structural result

We now describe our main structural result for cost-preserving projections (see Defini-
tion 2). Our structural result connects cost-preserving projections with sketching-based
matrix multiplication, a well-studied primitive in the Randomized Linear Algebra com-
munity.

Prior to presenting our result we define the diagonal matrix € R™" as

® = diag{dy,da, ... ,dm,...,dy,0,...,0}, (4)

with di > dp > ... > dp, > ... > dy > 0. As we will discuss in more detail below,
g and m are positive integers between one and r that are selected by the user of our
structural result in order to satisfy the four conditions of Theorem 2; the same is true for
the values d;, i = 1,...,q. It is precisely this flexibility in the construction of the matrix
3 that makes Theorem 2 able to accommodate different constructions of the sketching
matrix W.
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Theorem 2. Let A € R™ % be the input matriz and let X € R¥>E@=K) pe any matric
satisfying XX = I, with 1 < k < d. Let the thin SVD of A be A = UXV'; recall the
definition of > from eqn. (4), and assume that the sketching matric W € R**™ satisfies
the following four conditions for some accuracy parameter ¢:

Hf:UTWTWU'fJ - §2H2 <e, (5)
|[SUTWTWA,, L~ SUTA,, || << AX] . (©)

€
HA;rn,LWTWAm,L - AIn,LAm,lHF <= HAX”%“» and (7)

VEk
’”WAW,LHQF - HAM,L”%| <e HAXH%“ : (8)

Then,

[IWAX|% — |[AX|E| < (d,2 +2d," +2) e |AX] 7. (9)

Several comments are necessary to better understand the above structural result. First
of all, the four conditions of Theorem 2 need to be satisfied for a user-specified matrix >,
To be precise, the user of the structural result has the flexibility to choose ¢ (the number
of non-zero diagonal entries of f)) as well as the values of its entries d;, i = 1,...,q,
subject to the constraint that the entries are decreasing and strictly positive. Second, the
user of the structural result has the flexibility to choose the parameter m (which ranges
between one and ¢) that appears in the last three conditions of Theorem 2. In particular,
m is used to define the optimal rank-m approximation A,, to the input matrix A (see
Section 2 for notation) and the (perpendicular) matrix A,, | which satisfies A = A,,, +
A,, 1 and A,TnAm, 1 = 0. We emphasize that the conditions of Theorem 2 only need
to hold for a single user-specified choice of m without affecting the generality of the
theorem’s conclusion. Third, all four conditions of Theorem 2 boil down to sketching-
based matrix multiplication, as described in Section 4.1. Fourth, the final error bound
depends on the accuracy parameter € as well as the (user-specified) value d,,. As we will
see in two different constructions of the sketching matrix W in Section 4, d,, is a small
constant and thus the term in parentheses in the right-hand side of eqn. (9) can be easily
replaced by a constant. Fifth, we note that the third constraint is a bit tighter (by a
factor of 1/v&) compared to the other ones. This turns out not to be a problem for known
constructions of W since the product AI,% 1A, 1 is easy to approximate by sketching.
Sixth, more general versions of our structural result are possible: for example, one could
remove the assumption that the entries of the diagonal matrix S are decreasing. A more
general result could be derived for the general case d; # 0 for all i = 1,...,q. We
are not aware of a construction of the sketching matrix W that would necessitate this
more general setting and, therefore, we refrain from introducing additional complexity
to Theorem 2.
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Proof. Throughout the proof, we will make heavy use of the notation in Section 2. We
also introduce an additional piece of notation, namely the diagonal matrix 3, € R"*"
which is defined as

3, =diag{0,...,0,1,...,1}. (10)
——— ——
q r—q
We note that the inverse of 3 + | always exists, since it is a diagonal matrix with
non-zero entries. For notational convenience, let Z = UT(I, - W W)U and Y £ V'X.

Using properties of the matrix trace and the SVD of A, we can rewrite the quantity that
we seek to bound in Theorem 2 as

[|AXJ7. — [WAX] 5] = [or (XTAT (T, - WTW) AX))|

= [tr (XTVEUT (I, - W'W) USV'X)|

= |tr (YT2Z2Y)|

= |tr (YT (S + B 1) Z (B + 1) Y)|
(Y

<|tr (Y'E,28,Y) |+ |tr (Y, 125, 1Y)
Aq Ao
+ 2|tr (YT 8,25,,,.Y)]. (11)
Az

In the above derivations, we also used the fact that ¥ = X,,, + 3,, | (see Section 2).

Bounding Ay. We start by bounding the first term in eqn. (11):

Ay =t (YTS,,25,.Y)|

= |tr

YT, (E+50) 7 (E+E)Z(E+EL) (B+21) 7 EaY))|

[ (Y (E+21) 7 Su(E+ 1) Z(E+ 1) Sa(E+51) Y|

=l (Y 2, (E+21) T 28 (E+5) 78, Y))|

= |tr

(Y
(
(
=l (YT(E+21) zmizizm(ijLiL)‘lY))
(
(

Y'S, (S+5,)" 1(§+§l)’12mY)‘

= |tr <E1 (B+2)7"=0Y) ((§:+§J¢)_12mY)T>‘. (12)

~ ~ = ~ =2
In the above, we set E; = XZX = SUT WTW UX — . Further, we used the fact that
Y (E + ZJ_) = X,, X, which follows from X,, ¥ = 0 (recall that m < ¢). The last
equality follows from the invariance of matrix trace under cyclic permutations.
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Next, we apply von Neumann’s trace inequality and the condition of eqn. (5) on the
right hand side of eqn. (12) to get

I A

o2 ((B+2)7'EaY)

| /\

i (E+5)7maY) <e|(E+20) 7' YH

i

Notice that (i + il)_lEm = (2+2,):'%,,, where (E+X )1 € R"™*" is a diagonal
matrix whose top m diagonal entries are equal to those of (fH—f] 1) ~! and the remaining
r —m diagonal entries are set to zero. Then,

-~ 2 -~ 2
&+ 207 20Y] = &+ Bon=a],
-~ 2
< | E+E02| 1Y < 42 1AnXIE. (13)
The last inequality follows from H (E+2)t H2 = d;,! and the fact that (see Section 2)

120 Y7 = U2 VX[ = A X}
Therefore, we have shown that
Ay <d e |[ARXF < d | AX 1 (14)
where the last inequality follows from [|AX||% = || A, X||% + || Ay, 1 X% (by the matrix

Pythagorean theorem).

Bounding As. We now manipulate the second term of eqn. (11). Let X € R™* form a
basis for the space that is orthogonal to the space spanned by the columns of X (thus,
XXT + XLXI = I;). Furthermore, recall that Y = V'X, Z = UT (In — WTW) U,
and A, | = UEm’J_VT. Using the above definitions and properties of the matrix trace,

we get
Ap = tr (YT, 125, . Y)| =[tr (XTA], | (I, - W W) A, | X)]
=tr (A}, (I. - W'W) A, | XXT)|
=tr (A}, (I. - W'W) A, | (I, - XLXL))|
=ltr (AL L (I, -W'W)A,, . —Al | (I,-WW)A,, | X X])|
<|tr (AL (I, - WTW) mL)]—i—‘tr (AL, (I, - W'W)A, | X, X)|.

A21 A22

(15)
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We now bound As; and Ay separately. Using the structural condition of eqn. (8), we
obtain

o= [tr (AL L (I, —WTW) A, )| =[tr (A}, 1 ApnL — Al T WWA,, )|
= [[1Am, L1IF — WA, 15| < e [AX][. (16)

In order to bound Ass, we will apply von Neumann’s trace inequality, the Cauchy-
Schwarz inequality, and the structural condition of eqn. (7). For notational convenience,
let By = A;';hL (In — WTW) A, 1 and proceed as follows:

Ay = |tr (A}, | (I, - WTW) A, 1 X, XT)|=|tr (B2 X, XT])|

1 1
k 2 k 2
< Zaz Es) 0(X, XT) < lZo (Es)| - [Z af(XLXI)] (17)
i=1 =1
< VE|[Eollp < ||AX]%. (18)

It is important to note that the matrix X, has rank k& and thus has at most k non-
zero singular values (all equal to one), which explains the fact that the summation in
eqn. (17) stops at k. The last two inequalities follow from Zle 02(Eg) < ||E2||§, and
the structural condition of eqn. (7). Combining eqns. (15), (16), and (18), we obtain

Ay < 2e |AX]f5. (19)

Bounding As. Finally, we consider the third term of eqn. (11). Again, using Y = V'X,
Z=UT (In — WTW) U,and A,, | = UEW,LVT, we get

Ag = |tr (YT2,,25,, 1Y)

Y's, U (I, -WTW) A, | X)|

/\/\

|tr
= [ (YEu(E+£0) " (E+E)UT (L - WTW) A, 1 X))
= | (YT (54 %1) "2, (S + 5)UT (I - WTW) 4,01 X))|

= |tr

/N N N

Y(£+%,)'8,2UT I, -WTW) Am,lX) ‘

— |t (Y8 (8 +21) 7 SUT (L - WTW) A, X)) . (20)

In the above, we repeatedly used the fact that matrix multiplication of diagonal matrices
is commutative and 3,,%, = 0. Next, we apply von Neumann’s trace inequality and
the Cauchy-Schwarz inequality to eqn. (20) to get
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m
2 <Y 0 (YEu(E+51) ) i (SUTI, - WTW)A, LX)
i=1

1

= IY'S,.(Z+2)) ¢ |ZUTL, - WTW)A,,  X|r

<Y, (E+2) e IZUTT, - WW) A, L|F (21)

The last inequality follows from strong submultiplicativity and the fact that ||X]|2 = 1.
Note that in eqn. (13) we proved that || Y%, (X + EJ_)_l lF < d}|AmX] F, while the
structural condition of eqn. (6) gives

ISUT(L, - WIW)A,, 1llr = |ZUTA,, L —SUTW WA, 1 ||r <e[|AX]|F.
Thus, eqn. (21) can be bounded as

Az < dy! |ARX|F e AX ] p < d e |AX] (22)
where the last inequality follows from ||[AX||% = ||AnX||% + || Ay, 1 X% (by the matrix
Pythagorean theorem).

Final bound. Combining eqns. (11), (14), (19), and (22) concludes the proof of
eqn. (9). O

4. Satisfying the conditions of Theorem 2

In this section we show how to satisfy the conditions of Theorem 2 using various
constructions for the sketching matrix W. Of particular interest is that our structural
result of Theorem 2 unifies the sketching matrix constructions of [8] and [9].

4.1. Review of randomized matriz multiplication

We present a brief review of randomized matrix multiplication and some relevant
theoretical results from prior work that will be useful in this section. Consider a simple
algorithm (Algorithm 1) to construct a sampling-and-rescaling matrix W € R#*™. Using
Algorithm 1 we can approximate the matrix product AB by AWTWB, where AW is
the sketch of A and WB is the sketch of B.

Lemma 3. Given matrices A € R™*" and B € R"*P, let W € R**" be constructed
using Algorithm 1. Then,

E [|AWTWB - ABJ|3] < i NAi]15 - 1Bas 5 (23)
= P

Pi
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Algorithm 1 Construct sampling-and-rescaling matrix.

Input: Probabilities pr, k = 1,...,n; integer s K n;
Initialize: W <— Osxn;
for i =1 to s do

Pick j; € {1,...,n} with P (j; = k) = px;

-1

Wi, < (spj)” 25
end for
Output: Sampling-and-rescaling matrix Wj

Furthermore, if m = p,

2]\~ [(BA):J”
E [(tr (AWTWB - AB))’| < 3" So 24
(ir )] <y B2 @)
Eqn. (23) was proven in [11] (see Lemma 3); the proof of eqn. (24) is a simple exercise
using the setup of Lemma 3 in [11].

Lemma 4. Given matrices A € R™*" B € R"*? and some constant 8 € (0,1], let
W € R%*"™ pe constructed using Algorithm 1 with

A5
Di Z ﬁi ) =4 y T
NE
such that Y . p; = 1. Then,
1 2 2
E[|[AWTWB — AB|z] < s A7 - 1Bl - (25)
Furthermore, if m = p,
2 1 2 2
E[(ir (AWTWB — AB))"| < - AJ; - B (26)

The proof of the above lemma is immediate from Lemma 3 (with an application of the
Cauchy-Schwartz inequality which implies that (BA)y)® < [|ALl|2 - | Bix||2). Finally,
the next lemma appeared in [6] as Theorem 3 and is a strengthening of Theorem 4.2 of
[20] for the special case when ||Al|, < 1. We also note that Lemma 5 is implicit in [9].

Lemma 5. Given A € R™*"™ with ||A|, < 1, let W € R**" be constructed using Al-
gorithm 1 with p; > ,6’||A1*||§/HAH§J foralli =1,....,n and B € (0,1] such that
S pi = 1. Let § be a failure probability and € > 0 be an accuracy parameter. If the
number of sampled columns s satisfies

2 A(1+||A|
sz2 (14 5) LALE m( (1L+] ||F>>,

Be? 5
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then, with probability at least 1 — 6,
|[AWTWA — AAT||, <e.
4.2. Leverage score—based sampling

Our first approach constructs a sampling-and-rescaling matrix W using Algorithm 1
with sampling probabilities p;, i = 1,...,n:

0 2 TIOR3 | 1 [1(A%ill3
2k 2 ||(Ax, )%

(27)

Clearly > | p; = 1. Recall that (Uy,);. denotes the i-th row of the matrix of the top k left
singular vectors of A, while (A | )i« denotes the i-th row of the matrix A, | = A — Ay
(here Ay is the best rank-k approximation to A). It is well-known that the quantities
|(Ug)ix||3 for i = 1,...,n correspond to the so-called leverage scores of the best rank-k
approximation to A (see [12,21] for detailed discussions of the leverage scores and their
properties). The sampling probabilities p; of eqn. (27) are a linear combination of the
aforementioned leverage scores and a quantity that depends on the row norms of the
residual matrix Ay ;. It is worth noting that, to the best of our knowledge, using only
the leverage scores as the sampling probabilities to construct the sampling-and-rescaling
matrix W would not suffice to satisfy all conditions of Theorem 2.

We are now ready to apply Theorem 2 in order to analyze the performance of the
matrix W that is constructed using the above procedure. First, recall that, as users of
Theorem 2, we have full control in the construction of the matrix 3. Towards that end,
let 3 be constructed as

> = diag{1,...,1,0,...,0}, (28)
—— ——

k r—k

where both m and ¢ (two parameters associated with the matrix f]) are set to be equal
to k. Trivially, d,,, = 1 by the construction of 3. Therefore the constant at the right-hand
side of eqn. (9) is equal to five.

Satisfying the condition of eqn. (5) Using our definition for f), we rewrite the left hand
side of the structural eqn. (5) as follows:

HEUTWTWUE _ §32H2 _ H (Ig g) UTWTWU <Ig 8) _ (Ik 0)

2

2



156 A. Chowdhury et al. / Linear Algebra and its Applications 573 (2019) 144—-165

2
Notice that the sampling probabilities p; satisfy p; > l%

5 for i =1,...,n. Thus,

combining eqn. (29) and Lemma 5, we get

P(ISUTWTWUS - 5, > ) <

NS

. (30)
For the above bound to hold, we need to set the number of sampled rows of A,

f) 4k In (16 (1+k)/s)

> (1
S—(+3

e2

Satisfying the condition of eqn. (6) We start by proving a simple inequality that will
be useful in subsequent derivations (recall the definition of X from Section 3):

Ak LllF = A = Apll7 < A - AX X [|p = |[AXXT||p = |[AX][|p.  (31)

The inequality in the above derivation is due to the fact that Ay is the best rank-k
approximation to A. We now use the definition of ¥ to rewrite the condition as follows:

SUTWTWA, | — iUTAk,LHF

I 0 u; ) T (Ik. 0) < ul )
(0 0) (UZ’L W WALL={0 o Ul ) ot

T T
= (%k) WTWA, | — (%k) Ap

F

=|lUIWTWA, | —UJA, || . (32)
F H,—/
0 F

We emphasize that UgAk, 1 = 0. Using the fact that p; > %M and applying

Lemma 4, we obtain
2 2k 2k
E[|[ULW WA, L [|7] < ;||Uk||i* AR LF = ?”Ak,LH% < ?HAX”%"’

where we used the fact |Ug||% = k, and the last inequality follows from eqn. (31).
Applying Markov’s inequality, we get

P (|AL \ W WU|lr >c||AX]r) < . (33)

RIS

The above bound holds if the number of sampled rows s > 8k/se2.

Satisfying the conditions of eqns. (7) and (8) We note that p; > %W for i =
B F

1,...,n. Applying Lemma 4 and using eqn. (31), we obtain
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2
Ak 15 < 5 |AX] %,

A

E[JAL WIWA, L — AL A L|7] <

2
1Ak lif < = AX.

® N » N
AN

2
E [(”WAk,L“% — | Ak, LII%) } <

In the above derivations, we used the fact that
tr (AL ,WIWA, | — AL Ay 1) = [[WA, L7 — |AkLII7-

Next, by Markov’s inequality, we get

€ 0
P (|IWAL I}~ ALl > = 1AXIE) <, (39
€ 0
P (AL WTWALL - AT Avr > = [AXIE) < 7. (35)

For the above bounds to hold, we need to set the number of sampled rows s > 8k/5e2. It
is worth noting that the bound of eqn. (34) is stronger (by a factor of 1/vk) compared
to what is needed in Theorem 2. This improved bound comes for free given the value of
s used in the construction of W and does not affect the tightness of the overall bound.

Finally, applying the union bound to eqns. (30), (33), (34), and (35), we conclude that
if the number of sampled rows s satisfies

e\ 4k In (16(1+k)/s) 8k
sz { (145) PG

then all four structural conditions of Theorem 2 hold with probability at least 1 — 4.
Therefore, the number of sampled rows s is, asymptotically (assuming that J is constant),
5= (kInk/e?),

We conclude this section by noting that a similar proof strategy (using the same
construction for the matrix 3 of eqn. (28)) could also be used to prove that all five
constructions of sketching matrices described in Lemma 11 of [8] return cost-preserving
projections.

4.3. Ridge leverage score sampling

Our second approach constructs a sampling-and-rescaling matrix W using Algo-
rithm 1 with sampling probabilities p; that are proportional to the so-called ridge leverage
scores [2,9] of the rows of the matrix A. To properly define the ridge leverage scores of
the rows of A, we first define the r x r diagonal matrix X, as follows:

3, = diag { (36)

g1 (oY
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Recall that r is the rank of the matrix A. The i-th row ridge leverage score, denoted by
Ti/\, of A with respect to the ridge parameter A > 0 is given by

A (AATA +AL,) AT, = [[(UZ))ulls, (37)
for 4 = 1,...,n. Recall that (UX));. denotes the i-th row of the matrix of all the
left singular vectors of A, rescaled by the diagonal entries of ¥. The last equality in

eqn. (37) follows by using the SVD of A and the definition of the matrix 3y. Let dj
denote the sum of the ridge leverage scores, i.e.,

2 2 2
dy =37 = S Ul = [US, 2 = [543 (38)
i=1 1=1

The last equality follows by the unitary invariance of the Frobenius norm. We can now
define the sampling probabilities p;, i = 1,...,n, as
2
s T 71Ul

% _

Pi=n 3T = (39)
' D1 T da ||E/\H%

Clearly, > | p; = 1. In the remainder of this section, we will analyze the special case
where

Ak, L%
A= ——2—1
k

(40)
This is the case analyzed in [9] and the simplest known setting for A that returns provably
accurate approximations for cost-preserving projections via ridge leverage score sampling.

We now proceed to apply Theorem 2 in order to analyze the performance of the matrix
W that is constructed using the ridge leverage scores as sampling probabilities. Recall
that, as users of Theorem 2, we have full control of the construction of the matrix s
Towards that end, let

S=3,. (41)

For the parameters associated with S in eqn. (4), we will set g to r, the rank of the
matrix A; and set m to be the index of smallest non-zero singular value of A such that

T > A > 031+1~ (42)

Several observations follow from the above definitions. First of all, the diagonal entries
of ¥ (denoted as d; in eqn. (4)) are set to d; = oi/,/aZ+x. We can upper-bound d,,! as

A
dyt =1+ 5 < V2,
Um
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where the last inequality follows from our choice for m in eqn. (42). This implies that
the constant in the right-hand side of eqn. (9) is at most 4 + 21/2. Second, using our
choices for m (eqn. (42)) and A (eqn. (40)), we get
2
Ak L lm =KX= kop ) > 0oi1 4+ 0miot - Oy -

Adding [|Ay, J_”i—‘ on both sides of the above inequality yields

2
2| Ak, 1Lllw > (Ugmrl+072n+2+-~~U¢2n+k)+(012c+1+013+2+---03)

> 0pi1 FOmyn o 0r = [ An il (43)

where the last inequality holds because m + k > k + 1. Combining eqns. (31) and (43)
results in the following inequality, which will be quite useful in this section:

2 2 2
[Am, L < 2[[ Ak Ly < 2[[AX ][5 (44)

Third, we can upper-bound the sum of the ridge leverage scores (denoted as dy in
eqn. (38)) as follows:

2 . o2 i o7 j o}
P : 5 _ Y
» = [ZxF 20?4_)\ ZO’?—F/\ . o7 + A
i=1 =1 i=k+1
r 2 A 2
Skt ) =k %7“%% w

i=k+1

In the above, we upper-bounded the top k diagonal entries of the matrix ¥, (squared)
by one and the bottom 7 — k entries by oZ/\. To conclude, we used our specific choice
for A from eqn. (40). Again, this upper-bound for d) will be useful later in this section.

Satisfying the condition of eqn. (5) Applying Lemma 5 and setting s, the number of
sampled rows, to be at least

E) 4k In (16 (1+2k)/5)

>(1
S +3

g2 ’

we obtain

NN

P (|Z\UTWTWUS, — 53|, > ¢) < (46)

In the above we used dy < 2k from eqn. (45).
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Satisfying the condition of eqn. (6) Applying Lemma 4, we get
E {HE,\UTWTWAm,L - EAUTAm7l||H < é =2 U2 A2
= D < P ax. o)

The last inequality follows since dy = ||£\UT||% is upper-bounded by 2k from eqn. (45);
we also used eqn. (44). Next, applying Markov’s inequality, if the number of sampled
rows s > 16k/5¢2 then

P (||[ZAUTWTWA,, | — Z\UTA,, 1 ||, > el|[AX]|F) < . (48)

=

Satisfying the conditions of eqns. (7) and (8) We start with eqn. (8). Using standard
properties of the trace, we get

WA, ||} = [WUZ,, |3 = tr (T, ' UTWTWUEX,, | )
=t (2, 'S\ UTWIWUE,, | )
=tr (S, UTW'WUR?, =11, (49)

Similarly,
A, L7 =tr (2 UTUS2, =11, (50)
Combining Lemma 4 with eqns. (49) and (50), we have

E [(IWAm 113 = A, 113)°]

—F [(tr(zAUTWTWUEEn’lzgl - EAUTUEEn7l2;1))2}

IN

1 _ dx _
CISAUTIE U2, B = 22, B

IN

2k -
Dl NN R DR b (51)

where the last inequality follows from strong submultiplicativity and eqn. (45). Note that
YL 2;1 is a diagonal matrix whose i-th diagonal entry is equal to

0, 1< m;

DI DN PR
( ») {«/01-2—&—)\, i>m+1.

It now follows that
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_ 2
1B 135 2 = (Jo2 0 + A< V2A = \/;HAI@,LF,

where the inequality follows from eqn. (42) and the last equality follows from eqn. (40).
In addition, eqn. (44) yields

1, 1 F = A, 15 < 2 AX][
and thus we get,

2 2k 2HA]€$J_||2 8
E [(IWAn LI} = [ An 1 1})°] < = - 21AX|F - T2R2E < 2 jaX]E,  (52)

where the last inequality follows from eqn. (31). Using similar algebraic manipulations
and Lemma 4, we obtain

8
E (]| A% WTWALL = AL A7) < 2 [AXIE. (53)

Next, applying Markov’s inequality and setting the number of sampled rows s > 32k/s<?,
we get

€ 1
P (1IWAn L5~ A} > 2 IAXIE) <. (60)
€ 0
P (AT WTWA,, L~ AT Al > - AXIE) < 5. (53)

It is worth noting that the bound of eqn. (54) is stronger (by a factor of 1/v&) compared
to what is needed in Theorem 2. This improved bound comes for free given the value of
s used in the construction of W and does not affect the tightness of the overall bound.

Finally, applying the union bound to equns. (46), (48), (54), and (55), we observe that
if the number of sampled rows

Ak In (16 (1+2k) 9
s>max{(1+5> k In ( /5) ?)k}7

3 g2 T5e2

then all four structural conditions of Theorem 2 hold with probability at least 1 — 4.
Therefore, the number of sampled rows s is, asymptotically (assuming that J is constant),

5= O (klnk/:2),
5. Other constructions for the sketching matrix W
In this section, we briefly point to various constructions for the sketching matrix

W € R%*". We are particularly interested in the case where the rows of W are pairwise
orthogonal and normal, i.e., WWT = I, and thus WTW is an orthogonal projector.
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Several random projection—based constructions for the sketching matrix W were summa-
rized in [8], including the (relatively) sparse matrix of [1], the (very) sparse embedding
matrix of [7], and the oblivious sparse norm-approzimating projections (OSNAP) of [24].
In all three cases, the rows of W are not exactly orthonormal, but rather close to being
orthonormal, i.e., WWT is approximately equal to the identity matrix. At the same
time, [8] also considered cases where the rows of W are exactly orthonormal. One such
case is a construction of W using a randomized SVD of A (see also [25,19]). In this case,
the rows of W are approximations to the top s left singular vectors of A (see Theorem 8
of [8] for details). Another case is the so-called non-oblivious random projection of [8].
In this case, the rows of W form an orthonormal basis for the range of AR, where R
is a Johnson—Lindenstrauss random projection matrix (see Theorem 16 of [8] for further
details).

Our next result is a special case of Theorem 2 showing that if the sketching matrix
W has orthonormal rows then only two of our structural conditions (eqns. (5) and (8))
suffice to ensure the projection-cost preservation guarantee.

Lemma 6. Let A € R"*? be the input matriz and let X € R¥=K) be any matriz
satisfying XX =1, with 1 < k < d. Let the thin SVD of A be A = UXV'. Recall the
definition of > from eqn. (1), and assume that the sketching matric W € R**"™ satisfies
WWT =1, as well as the following two conditions (for some accuracy parameter €):

~ ~  ~2
”EUTWTWUE > H2 <e  and (56)
WA L [F = [[Am, 7] < e AKX (57)
Then,
IWAX|% — [AXJ] < (4,7 + 25 + 1) = | AX?. (58)

Proof. Again, for notational convenience, let Z = UT(I, - WTW)U and Y = VTX. If
W has orthonormal rows, then WTW is an orthogonal projector, i.e., it is idempotent
and symmetric positive semi-definite (SPSD), with all its singular values equal to zero
and one. Hence, Z is also SPSD and its square root Z"/? is well-defined. Using the
definitions of Z and Y, eqns. (56) and (57) become:

1228, < V&, and (59)
12721 | < VE[[ DY - (60)

We rewrite the left hand side of eqn. (58) as

[ AX][% — WAX]|3|

[tr (XTAT (I, - WW) AX)|
tr (XTVEUT (I, - WW) UZVTX)|
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= |r (YT2ZEY)| = HZWEYH;

Thus

7

VIIAXIE - WAX|3| = |28y = |27(E0 + B0 Y|
< Hzl/zszH + Hzlhzm’lYH . (61)
F F
Using norm invariance properties and the definition of Y, we get
IAX|% = [[USVTX|[E = [SY]7. (62)

Thus, it suffices to prove that

VIIAX[% — WAX] < Ve (1+d, 1) [ISY . (63)

Similarly to the proof of Theorem 2, using the commutativity property of diagonal ma-
trices and the fact that (E + EJ_)Em = X 3,,, we have

Y= E+2) (E+E)8,, = (Z+2)'ES,,
=EE+E)IE, =2+ ). (64)

Notice that (f]—i—f]J_)_lEm = (242,);!%,,, where (E+3X )} € R™" is a diagonal

m
matrix whose top m diagonal entries are equal to those of (EH—EI J_) ! and the remaining
r — m diagonal entries are set to zero. In order to bound the first term in eqn. (61), we
use eqn. (64) as follows:

szszHF _ sz&(mm;szHF < sziH . H(i+§m;}H NEn Y,
2 2

IN

Ved 120 Yp = Ved,! [|AnX]p < Ved,' || AX]|
= Ved, |ZY||r. (65)

The first inequality is due to strong submultiplicativity; the second inequality follows
from eqn. (59) and the fact that H(END +3 L);"le = d;}; and the last inequality uses
|AX|% = |A,X]% + |Am, . X% (by the matrix Pythagorean theorem). Next, using
strong submultiplicativity and eqn. (60), we bound the second term of eqn. (61):

|28 Y| < |27S0 | 1Y), < VEIZY e, (66)

where we used ||[Y|2 = [VTX||2 < 1. Finally, we combine eqns. (61), (65), and (66) to
get



164 A. Chowdhury et al. / Linear Algebra and its Applications 573 (2019) 144—-165

VIIAX|Z — WAX|E| < VE(1+d,) S,
which concludes the proof. 0O
6. Conclusion

Building upon the definition of cost-preserving projections, we have presented a simple
structural result connecting the construction of projection-cost preserving sketches to
sketching-based matrix multiplication. Our work unifies and generalizes prior known
constructions for projection-cost preserving sketches based on (variants of) the standard
leverage scores, ridge leverage scores, as well as other constructions.

An interesting open problem would be to understand whether similar structural re-
sults for cost-preserving projections can be derived for other Schatten p-norms, e.g., for
the Schatten infinity norm, which corresponds to the well-known matrix two-norm. Pre-
liminary work in this direction includes Lemma 26 in [8]; to the best of our knowledge,
other Schatten p-norms have not been studied in prior work. Additionally, it would be
interesting to study alternative sets of structural conditions that guarantee projection-
cost preservation, with the end goal of fully characterizing the problem by presenting
both necessary and sufficient conditions for various Schatten p-norms.
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