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The Data Analysis Pipeline
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Data

Design Model

Criticize Model '

Predictive performance
Statistical hypothesis tests
George E. P. Box (1976): - Posterior predictive checks

"All models are wrong,
but some are useful”

“Box’s Loop” i 14 2




Goodness-of-Fit Testing

Given a probability distribution p on X? and data samples {x;}"_; ~ g, test
Ho:p=gq  vs. Hi:p#q

data? Model distribution  Goodness-of-Fit Test

p (known)

. Construct test statistic T

Data distribution . Compute critical value Y1—«

g (unknown)

reject Ho
Model doeg not fit obgerved datal




Goodness-of-Fit Testing (Cont'd)

Given a probability distribution p on X' and data samples {x;}"_; ~ g, test
Ho:p=qg vs. Hi:p#gq

€=0.05 € =0.01
- Model criticism & evaluation: checking model assumptions, etC. ,| . se 2|
- Measuring sample quality: Markov chain diagnostics, etc. ; :
‘ | | , D q: ' | y
- Selecting hyper-parameters (for model or inference algorithm). L L

- Chi-squared test (pearson, 1900)
- Kolmogorov-Smirnov test koimogorov 10°
- Cramér—von Mises test (camer, 1928 R@

- Anderson-Darling test (anderson & Darling, 1954)

K. Pearson A. Kolmogorov R. A. Fisher



Goodness-of-Fit Testing (Cont'd)

Given a probability distribution p on X' and data samples {x;}"_; ~ g, test
Ho:p=qg vs. Hi:p#gq

Modern applications: Z =Y p(x)dx
Model dist. un-normalized p(x) : p(x) oc p(x) Intre
O : - — =
e,
Normalization congtant xE X
Continuous distributions Discrete distributions Point processes

Kolmogorov-Smirnov test i
Normalized Cramér-von Mises test Chi-squared test ~ (mainly Poisson-type)
Anderson-Darling test : 5

...........................................................................................................................................................................................................................................................................................................................................................................................................................................

Kernelized Stein discrepancy |
Unnormalized | (chwialkowski Strathmann, Gretton. ICML'16) (Y, Liu, Rao, Neville. ICML'18) (Y, Rao, Neville. AISTATST9)
(Liu, Lee, Jordan. ICML'16) 5




Networks and Point Processes

®

Collaboration graph centered on Erdds The Internet in 2005 and 2010 (Adamic & Glance 05)
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Political blogs prior to the 2004 U.S. Presidential Election
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Exponential Random Graph Model

(Wasserman and Pattison '96)

Distribution over graphs (adjacency matrices):

p(G) = %GXP {6:E(G) + 625:(G) + 7T(G)}, G € {0, 1}

/ #Edges #Wedges (2-stars) #Triangles

. . O
Comput/r?g Z requires O O O

summing over 2

configurations! e ® O O

(91 - —2, 92 — O, T — 005)




Ising Model

Given a 2-D lattice graph G = (V, E),

p(x) = %exp{ Z X';J} x € {+1}°

/ (i.j)EE

Computing Z requires /
summing over 29
configurations!

Up/down spins

Based on slides by Constantinos Daskalakis:
http.//www.cs.columbia.edu/~ccanonne/workshop-focs2017/files/slides-workshop-daskalakis.pptx

https.//en.wikipedia.org/wiki/Melt_pond 8




Comparing Probability Distributions

Integral Probability Metrics (IPMs)

Model distribution
p (un-normalized)

/ sup By [(x)] — Exep [£(x)
— pad can estimate cannot compute
Data distribution . yd . & 1B &
_ . uging eampleg if p un-normalized!
g (unknown) . “test functions” g eamp p un-noraiized
/:E‘ N\ | F Metric
' |
PR I i l L. {f 1 lf oo < 1} Total variation distance
o II . - N
\ /7 {10, 1t ER} Kolmogorov distance
\\ // {f :lIfllL £1} Kantorovich metric (L;-Wasserstein distance)’
Test funCtiOV \ // {f Wflleo +IfIl; <1} Dudley metric
(critic) f No (Gretton etal."12)

{f :Iflle <1} Maximum mean discrepancy




A BOUND FOR THE ERROR IN THE
NORMAL APPROXIMATION TO THE

Comparing Unnormalized Distributions oo,

CHARLES STEIN
STANFORD UNIVERSITY ('I 972)

1. Introduction

This paper has two aims, one fairly concrete and the other more abstract. In
Section 3, bounds are obtained under certain conditions for the departure of
the distribution of the sum of n terms of a stationary random sequence from a
normal distribution. These bounds are derived from a more abstract normal
approximation theorem proved in Section 2. I regret that, in order to complete

this paper in time for publication, I have been forced to submit it with many

. . . St " D 1 defects remaining. In particular the proof of the concrete results of Section 3 is
MOdeI dIStrIbutlon EIn IScrepancy somewhat incomplete.

p (un-normalized) (Gorham & Mackey 15, Chwialkowski et al. '16, Liu et al. '16)

Data distribution _ ?25)__ tqu[ Pf(x)] — Bx~ P X)]

g (unknown) =

\ . . Find Stein operator A, s.t.

* * * Lo [Anf(X)] = 0, VF € F

:EN - e . :
TN y : ifand only if p = q. pein ident)

A

'
y

L
o II

\ p . For a smooth density p on R, set

)/ F(%) = Y, log p(x) - F(x) + Yy £(x)

\
\ /
£ / \\ R4 (can gtill be evaluated when p ie un-normalized!)
p

Applieg only to continuous digtributions with smooth dengities!
10




What About Discrete Distributions?

1able!
Gradients Vxare no longer guailable:

Consider a finiteset X: V, = (..., z=,...)" is not defined on X!

. Difference operator Forany x & R and function f : X9 — R,

AF(x) = (.. F(xX) = F(-x), .. )T AF(x) = (..., f(x) = F(=x),..)T

For any function fand pmf p, _

Ap(x ) -
Reeall: Continuous case: pf(X) = P()(()) f(x) — A"f(x) X =101}
pf(X) = Vp(x) f(x) + VF(x) X ={1,2,3}
P(x) normalization congtant in p cancelg out!

Theorem (Difference Stein identity) For any function fand pmf p, E,.., [A,f(x)] = 0.

Theorem For positive pmfs pand q, Ex, [Apf(x)] =0, VFiff. p=q.

11




Characterization of Stein Operators

Theorem For any positive pmf p on X9 alinear operator /, satisfies

Cx~p | Tpf(x)] =0 (Stein identity)

for all functions f € F if and only if there exist linear operators

LAx)= > gxX)f(x), Lf(x)= ) gX.x)f(x), VfeF
X’EXd X’EXd
for some bivariate function g on X9 x X9 s.t.

- Continuous case: adjoint operators”

[ bl x L=V, L*=-V.
pf(x) — P( )f(x) — [,*f(x) . Discrete case:
p(X) L=A, LT=A"
holds for all x € X“and functions f € F. - General recipe:

- Graph-based construction (e.g., via Laplacian)

12



Discrete Stein Discrepancy

Kernelized Discrete Stein Discrepancy (KDSD) . Exponentiated Hamming kernel

For some space F of functions f : X4 — R¢, (.Y = &M (har) - 1iﬂ{x,#xg})
’ — ’ : d ] i
) (g || p) = sup Cx~q [t (ApF(x))] - Kernels for structured data
FeH, [[f]l5q <1 Graph kernels, string kernels, etc.
H : reproducing kernel Hilbert space (RKHS) with kernel (-, -) /ﬁ = BExmg [Apk(-, X)]
Theorem Optimizing over RKHS yields closed-form solution: g (0 lo) 517
dallP) = 1/d
2 n /
(911 P) = Exxing [1p(x, X')] e

where ,(x,x') := s,(x) " k(x, X') sp(x') — sp(x)" Al k(x,x') = ALk(x,x') "sp(X') + tr(A o k(x, X))

- Estimate from samples {x;}"_; ~ g: (8p(x) 1= 2P0/p(x)

n n

—~ 1
“(qllp) = n(n—1) Z Z p(Xi, Xj)  Uge ag teet tatictic!

=1 jH#i 13




KDSD Goodness-of-Fit Test

Given a probability distribution p on X' and data samples {x;}"_; ~ g, test
Ho:p=qg vs. Hi:p#gq

. Goodness-of-Fit Test

- Compute KDSD test statistic

— 1
?(q | p) = n(n — 1) ZZ p(Xi, X;)
i=1 j#i (g1l p)
- Compute critical value ¥1—« via generalized bootstrap Y1l

(Arcones & Gine, 1992)

..... NMU|t(1/n,...,1/n) DZ(qHP) —

Reject Ho
d datal

|
|
=
|
>
=
™
™
t
U
©
x
\><

Model doeg not fit obgerve

. Decision rule: Reject Ho if D2(q || p) > V1«

14



Example: KDSD GoF Test for Ising Model

p(x) o exp { > XTXJ }

Given samples {x;}_; ~ g on {::1}d, test e X.i.
H()ZT:TO VS. HliT#To q(X)Ocexp{(i%E T}

x x'} — e—H(x,x')
- Compute KDSD test statistic ()

o Sp(x) = 2P(X)/p(x)
_ 1 ’
> LY @
(qHP) ( _ 1) ;; (X,,XJ) = (1exp{2Xij€ZNiTo}>il

where 1 5(x,X') 1= s5(x) " k(x,X") sp(x') — 8p(x) " AL k(x, X) — ALk(x, X') 'sp(x') + tr(A% o k(x, X))

AF(x) = (..., F(x) — F(-x),...)T

- Compute critical value Y1—« via generalized bootstrap A (e F00 — Fm) T

(Arcones & Gine, 1992)

o 1 n n o —
)2(q || p) = n(n—l)ZZWin p(Xi) X;)
=1 j£i

. Decision rule: Reject Ho if D2(q || p) > V1o

15



Empirical Evaluation

H()ZT:5VS. HlT#5

Hy:T=5.0 (n=251)

Error rate
o
o

O
~

o
N

O
o

4.0 4.5 5.0 5.5 6.0
Perturbation parameter 17"

Hy:T=5.0 (T' =6.0)

06 -4-- KDSD-FPR
© —4— KDSD-FNR
§0_4 -+~ MMD-FPR
- —f— MMD-FNR
0.2
|

%
0.0

‘%::'¥§~*==*
10' 10° 10
Sample size n

Ising model

. \es
MMD two-sample test: Regquires eaMp
AT MMD? = m(m_l)ZZk(x,,xJH n(n_l)ZZk(y,,yJ) ngZk(x,,yJ)
IJi1= iI=1 j#i i=1 j#i i=1 j=1

HOZT:20VS. HlT#QO

Hy:T=20.0 (n=1000)

Error rate

0.0 —-‘==¥===¥=—=*=::§==-.==*::*::*:=-'
| 16 18 20 22 24
Perturbation parameter 1"
Hy:T=20.0 (T"=15.0)
1.0
0.8
20.6
©
S
g 0.4

O
N

®--o
== - —— — ”.~~
x--*——*:-—%:-—R—--a-‘__x__:g.—_-_*-,—

10 10° 10
Sample size n

Ising model

Hy:o0=0vs. H :0#0

Hy:0=0 (n=251)

)
©
S
L]

R i o i oot S Jank e

0.00 0.02 0.04 0.06 0.08 0.10
Perturbation parameter ¢’
Hy:0=0 (c¢'=0.05)

0.8
o 06
©
S
5 0.4

o
N

~
N

N SevlRv e e
*®-- —_x___)(f’ *" = -_-:_'*-1-

10 10° 10

Sample size n

Bernoulli RBM

o
o

HOZQQZOVS. H1:927é0

H0102:O (’I’L:].OO)

1.0 X/(/)e ——
0.8
)
50.6
S
g 0.4
0.2
00 $--8 - -0--0-—0--—9--0-- -k
-0.10 -0.05 0.00 0.05 0.10
Perturbation parameter 6,
1.0 H—%
0.8
2 0.6 KDSD-FPR
® KDSD-FNR
S 1.4 MMD-FPR
= MMD-FNR
0.2
______ w--%-—X
0.0 *—o—o
10° 10° 10

Sample size n

ERGM
(Use W-L graph kernel)

16



So Far...

GoF testing for distributions over fixed-length vectors (VV, A defined only for vectors).

Continuous distributions Discrete distributions Point processes

Kolmogorov-Smirnov test
Normalized Cramér—von Mises test Chi-squared test ~ (mainly Poisson-type)
Anderson-Darling test : 5

............................................................................................................................................................................................................................................................................................................................................................................................................................................

Kernelized Stein discrepancy

Unnormalized (Chwialkowski, Strathmann, Gretton. /CML76) ' v ?
(Liu, Lee, Jordan. ICML'76) |

But point processes are distributions over sets containing an arbitrary number of points!

17




Towards a Stein Operator for Point Processes

Gibbs processes >0k 22)=
Density kd Poisson process: 1, = 0, Vk > 2
flé) = - exp Z Z ¢k(w) Strauss process: V1{1xH) =P
\ k=1 wCo, |w|= Po({x,y}) = —(log7) - K{|[x — yl[2 < r}

Point pattern

[
(set of points) Intractable!

Intengity function A(x) ig aleo intractable! &

Papangelou conditional intensity outl  Gibbs process:

7's pance! 00 9
. o f(qS L) {X}) p(x|¢) = exp {X X z//k({X}U‘*’)}
o . X ) f(¢) X g ¢ k=1 wC¢, |w|=k—1
' ) p(x|¢p) = () Poisson process: p(x|¢) = A\(x)
¢ : ° X & ¢ St : — tr(x,9)
o . £ 1 rauss process: p(x|¢) = By
X (¢\{X}) (x.¢) =) Hllx—yl><r}

18




A General Stein Operator for Point Processes

Stein—Papangelou operator For any function h and Papangelou intensity o, define

(4oh)(@) = [ [ho U{x}) = h(@)] px|8) dx + 3 [h(#\{x}) = h(#)]

XEP

“forward” difference “backward” difference

Ap(x)

o(x) f(x) — A" f(x)

Recall: Difference Stein operator Ayf(x) 1=

Theorem (Stein identity) ® ~ p = E|[A,h(P)] = 0 for all bounded functions h.

Proof Uses the Georgii-Nguyen-Zessin (GNZ) formula from point process theory.

For Poisson processes: - p(x|¢$) = A(x); recovers previously known result @arbour& Brown, 1992)

E[Ah(®)] =0,Yh = &~ p

19



Kernelized Stein Discrepancy for Point Processes

Kernelized Stein Discrepancy . An MMD-based kernel for point processes

Y(nllp)i=  sup  Egwn [Aoh(®)] ol 9) = exp{~ (¢ 9)}
heH, || hl[+ <1
P = p L o)+ 3 ki)
H : reproducing kernel Hilbert space (RKHS) with kernel k(-, -) X€¢X 2 yeYy y'ed
‘gb‘ WJ‘ LL kx(x,y)  (MMD V-statistic estimate)
Theorem D (7|l p) = Eowen [£o(P, V)] <9 v

where <y(99) = [ [ [K(@U{a} b U{vD) ~ Ko B U{vD) — K6 U{u},$) + k(8. )] luld) p(v]9) du dv

/+/ X [k(¢\{X}1 Y U{v}) — k(d\{x}, ¢)] — || - [k(gb, Y U{v}) — k(4 1/,)]_ o(v]$) dv

X - xE¢

Require numerical : :
integration +/X > [k(@U{uh ¥\{y}) — k(& 9\ D)] — [9] - [k(¢U {u} ¥) — k(4 z/f)} p(u|¢) du

~yey

+ le(qS\{X} YY) — [l D k(@ 9\ — [l D k(S\{x} ¥) + 19l - [¥] - k(¢ ¢)

L xep yey yey xXEP

20



Goodness-of-Fit Test for Point Processes

Given a Papangelou conditional intensity p and point patterns { X;}"_, ~ n, test

Ho:n=op Vs, Hy - n # p (point-gete)
. Goodness-of-Fit Test
- Compute KDSD test statistic
o 1 n n
))2(77 || p) — n(n o 1) Z Z p(Xl'v ‘)(_j)
=17 (a1 p)
- Compute critical value Y1—« via generalized bootstrap V1o,
(Arcones & Gine, 1992)
~ Mult(1/n /1) o 1 — ~ ~
""" _Mlt_(/""'/) 2(nll p) = — XZWin o(Xi, X)) Reject Ho
= (wi = 1)/ n(n—1) i=1 j#i

Model does not fit obgerved datal

- Decision rule: Reject Hy if /)Da(n | o) > 11—

21



Empirical Evaluation

HOZEI:OVS. Hl:s#O
Hy:e=0 (m=100)

1.0
0.8
()
5 0.6
. --e-- KSD-FPR
E04 i —e— KSD-FNR
--x-- MMD-FPR
02 1 %~ MMD-FNR
0.0 $===n@--@ - Bo=R==R== R
0 2 4 6 8 10

Perturbation magnitude ¢

HOI€:0 (8/:10)

o
o
o
o

o
o))

Error rate
o
N

0.2

0.0 ¥ ITR=Rzmgr =R R R o=
Sample size m

Poisson process (d = 2)

MMD two-sample test:
X3~ ympz— 1 STS )+
{Vitis ~n ) m(m—l)gg .
Hy:r=02vs. H :r#0.2

Hyo:7=01vs. H:¢#0.1
Hy:7=0.1 (m=091)

O
o

Error rate
o
N

0.0 BB R == =B =
0.05 0.10 0.15 0.20
Time-scale T

- Hy:7=0.1 (7 =0.22)

o
o

Error rate
o
N

o
N

0.0 ¥ TETTRagen @B R R w0
20 40 60 80 100
Sample size m

Hawkes process (d=1)

H() cr=20.2 (m= 100)

Error rate

0.0 Q—-¥==§--—u---8—--;--*===%===*--¥=--n
0.0 0.1 0.2 0.3 0.4 0.5
Interaction radius r

Hy:r=0.2 (r'=0.5)

o
o

Error rate
o
N

0.2

o
00 *-RRogy g g
20 40 60 80 100
Sample size m

Strauss process (d=1)

oth P and q‘.

b
Requires canpleg 1O
n(nl_ 1) Zl g k(Vi, Vi) — % Zl Zl )

H()ZI’:O.?)VS. H1:r7é0.3
Hy:r=0.3 (m=91)

O
o)

o
~

Error rate

0.2

OO *:: ::g::: _==;==:*::*:: ::g::;:::’
0.0 0.2 0.4 0.6
Interaction radius r

Hy:r=0.3 (r'=0.75)

O O -
o 0 o

Error rate
o
N

0.2
- L .o
0.0 S S el EEY SE L e s R LAV,
20 40 60 80 100
Sample size m

Strauss process (d=2) .,



Conclusion and Other Topics
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Summary

Continuous distributions Discrete distributions Point processes
Normalized
“““““““““““““““““““““““““““““““““““““““““““ Chwialkowski Strathmann, Gretton.ICML1e)
Unnormalized (Liu, Lee Jordan. ICML'16) (Y Liu, Rao, Neville. ICML'18) (Y Rao, Neville. AISTATS'19)
pf(X) = v;())(())() f(x)+ Vf(x) pf(x) = AP‘Z)(:)() f(x) — A"F(x)  (Ah9) = / [h(¢u{x}>—h(¢)1p(xr¢)dx+§[h<¢\{x})—h(¢)1

Goodness-of-Fit Testing via Kernelized Stein Discrepancy
- Construct a (prove Stein identity) (using the unnormalized density).

- Define a positive-definite kernel on the underlying space.
- Establish a kernelized Stein discrepancy measure.

- Computation of the test statistic; bootstrapping procedure.

24



Open Questions and Future Directions

Immediate Questions
- KSD tests for very high-dimensional distributions?

- Stein operator that fully characterizes a general point processes? E|

. More efficient computation of Stein-Papangelou test statistic., ¥~/ [¢otrsuin-seiin i e
+ [ @\ 9 U D) — K@\ 9] — 18] (K9 0 ) -

_X€¢

[ 13 60 tah 001 K AOD] ~ 91 [ U %)

“yeY

Sh(9)] =0, Vh 2 & ~p

_|_

A

Futu re Di rections 12> KOG\ — 18- Y k(@ \y}) — [l - Y k($\{

xep ycy yey

- Composite hypothesis testing / latent variable models: Hy: g € Py vs. Hi: g & Ps

- Stein discrepancy beyond KSD (cf. Gorham & Mackey '15; Jitkrittum et al. 17; Huggins & Mackey '18)

- Stein’s method for approximate inference (cf Liu& Wang '16; Liu & Lee ' 17; Han &Liu’ 18; Chen et al. 18)
features for model criticism (cf Jitkrittum et al. "18)

- Sketching for kernel hypothesis testing (cf Zhao & Meng '14; Huggins & Mackey '18)

25



Thesis Organization

Chapter 2
Models for Networks and Point Processes
2.1 Statistical Network Models
2.2 Point Processes

2.2.1 Temporal Point Processes
2.2.2 General Point Processes

Chapter 3

Nonparametric Hypothesis Testing

3.1 Reproducing Kernel Hilbert Spaces

3.2 Maximum Mean Discrepancy and
Two-Sample Tests

3.3 Stein Discrepancy and
Goodness-of-Fit Tests

Chapter4  (UAI'7)

Decoupling Homophily and Reciprocity
with Latent Space Network Models

Chapter5  (cmri1g)

4 Goodness-of-Fit Testing for Discrete
Distributions via Stein Discrepancy

Chapter6  (AISTATS'19)

¥ A Stein—-Papangelou Goodness-of-Fit Test
for Point Processes

26



Decoupling Homophily and Reciprocity with Latent Space Network Models

From
26e0c6c4d3b36b2594739fa30eb564b4
6d3d380010755cfbeded2e4ac008e8a5
eabf2d3d8b046cca7360e2caf1c03362
bfd64e0e849d4ca70b719b25a34fa89a
c0784dd06a9a556870d6cdf320b2042f
589cbf69870575256743976503236bc0
b311ecf15238219200d45940208b27¢c9
8bff3584b3038174ed5064465d97578b
6d3d380010755cfbeded2e4ac008e8a5
a49df0f8fd9f04ddffc35ddd75910b57
697ac859008ce24a12343422b4188bea
be986fcb0a18a639f2a730a2485f580d
10c1e0c9ed1a17411e784ad554db3b55
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Point Processes

Point process  &:random counting measure

° 14 e Mean measure w(A) :=E[P(A)] = (x) dx

e o A~ Intensity function
’ ° . Poisson process

° . . - A1, .., Ak disjoint = ®(A1), P(A2), ..., ®(Ax) independent

comdime " P(A) ~ Poi(u(A)) Complete randomnesg

Hawkes process | | Strauss process |
History up to time t RQPU[QIOH
MtlHe) =y + > Be = ° ’ (#)= 3 Hlx-yla <1
} kit <t ° o Density

f(p) = %5I¢I,ysr(¢)

T\(:J (B,v, 7 >0) O
"O\é k_:)\ ’ ° / (O<y=1Lipr>0)
) ! ! ! ! ! ® o
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Asymptotic Null Distribution of KSD Test Statistic

Theorem 5.4.1 (Adapted from Theorem 4.1 of Liu et al. (2016)). Let k(x,x’) be a

Kp(x,x’)z] < 00. We have

strictly positive definite kernel on X, and assume that o x/~q [

the following two cases:

() If g # p, then S(q || p) is asymptotically normal:

v (S(qlip)—S(qllp)) = N(0, %),

where ¢ = Var,.  (E,.. [K (x, x’)]) > (.

(ii) If g = p, then o = 0, and the U-statistic is degenerate:
~ D
nS(qlip) > D ,c;(z2—1),
J

where {Z} SN (0,1) and {c;} are the eigenvalues of the kernel k,(-,-) under q.

32



