
Statistical Learning and Model Criticism for 
Networks and Point Processes

Jiasen Yang 
Purdue University 

April 24, 2019

t

t



(Nickel  & Kiela  ’17)

Apply Model

http://www.sciencemag.org/news/2018/05/ 
ai-researchers-allege-machine-learning-alchemy

Infer Parameters

The Data Analysis Pipeline
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https://cs.stanford.edu/people/karpathy/cnnembed/  
https://commons.wikimedia.org/wiki/File:Protein_GC_PDB_1j78.png 

https://www.b2bmarketing.net/en-gb/resources/blog/network-effect-what-b2b-comms-can-learn-facebook-revolution
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Extensions of LDA
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Topic models can be adapted to many settings

• relax assumptions

• combine models

• model more complex data

http://yosinski.com/mlss12/media/slides/MLSS-2012- 
Blei-Probabilistic-Topic-Models.pdf(Szegedy et al. ’15)

Design Model

George E. P. Box (1976):  
“All models are wrong, 

but some are useful.”

“Box’s Loop” (Blei’ 14)

Criticize Model

· Statistical hypothesis tests
· Posterior predictive checks

· Predictive performance



Goodness-of-Fit Test

Goodness-of-Fit Testing
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·  Construct test statistic T

P(T |H0)
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·  Compute critical value

‚1�¸
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Tobs

reject H0

Model does not fit observed data!

Is the model a “good fit” to the data?



Given a probability distribution     on        and data samples                          , testX d
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Classical approaches: 
 · Chi-squared test (Pearson, 1900) 

  · Kolmogorov–Smirnov test (Kolmogorov, 1933; Smirnov, 1948)  

  · Cramér–von Mises test (Cramér, 1928; von Mises, 1928) 
 · Anderson–Darling test (Anderson & Darling, 1954)

A. KolmogorovK. Pearson R. A. Fisher

Goodness-of-Fit Testing (Cont’d)
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Require p to be tractable!

Applications 
 · Model criticism & evaluation: checking model assumptions, etc. 

 · Measuring sample quality: Markov chain diagnostics, etc. 

 · Selecting hyper-parameters (for model or inference algorithm). 
Effect of step-size in SGLD (Huggins & Mackey ’18) 



Continuous distributions Discrete distributions Point processes

Normalized
 Kolmogorov–Smirnov test 

Cramér–von Mises test 
Anderson–Darling test

Chi-squared test (mainly Poisson-type)

Unnormalized

Given a probability distribution     on        and data samples                          , testX d
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(Y, Rao, Neville. AISTATS’19) 

Goodness-of-Fit Testing (Cont’d)

 5

Model dist. un-normalized
Modern applications:

p(x) =
1

Z
p̃(x) / p̃(x)
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Z =

Z

x2X d

p̃(x) dx
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Z =
X

x2X d

p̃(x) dx
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Normalization constant

(Y, Liu, Rao, Neville. ICML’18)
Kernelized Stein discrepancy  

(Chwialkowski, Strathmann, Gretton. ICML’16) 
(Liu, Lee, Jordan. ICML’16)



Networks and Point Processes
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https://www.axios.com/chicago-gun-violence- 

murder-rate-statistics- 
4addeeec-d8d8-4ce7-a26b-81d428c14836.html

Homicides in Chicago

http://www.earthquakepredict.com/2016/09/italy-earthquake-aerial-photos-show.html
Distribution of earthquake aftershocks

https://en.wikipedia.org/wiki/January_2017_Central_Italy_earthquakes

http://archive.stats.govt.nz/browse_for_stats/environment/environmental-reporting-series/ 
environmental-indicators/Home/Land/distribution-indigenous-trees.aspx

Locations of trees in a forestNeuron-firing patterns in the brain
https://www.pinterest.com/pin/394557617332618358/

The Internet in 2005 and 2010
http://www.opte.org/the-internet/

Political blogs prior to the 2004 U.S. Presidential Election
(Adamic & Glance ’05)

https://oakland.edu/enp/trivia/
Collaboration graph centered on Erdős



Exponential Random Graph Model
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Computing Z requires 
summing overn2         
configurations!

2n
2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(G) =
1

Z
exp {„1E(G) + „2S2(G) + fiT (G)} ; G 2 {0; 1}n⇥n
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#Triangles#Wedges (2-stars)#Edges

(Wasserman and Pattison '96)

Distribution over graphs (adjacency matrices):

14

ergm R package. Figure 2.1 shows five graph samples drawn from an EGRM on n= 20

nodes with parameters ✓1 = �2, ✓k = 0 (k � 2), and ⌧= 0.05 using the ergm package.

Figure 2.1.: Samples drawn from an EGRM on n= 20 nodes with parameters ✓1 = �2,

✓k = 0 (k � 2), and ⌧= 0.05 using the ergm package (Hunter et al., 2008b).

The various model and inferential degeneracies exhibited by the ERGM raises the

question of formal statistical tests for assessing the model fit. Hunter et al. (2008a)

presented graphical diagnostics by comparing structural statistics of the observed network

with those of networks simulated from the fitted model. In Chapter 5, we develop a

kernel-based goodness-of-fit test for discrete distributions with intractable normalization

constants, and apply it to the ERGM as one example.

Latent Space Model

Latent space approaches to social network analysis were pioneered by Hoff et al.

(2002). In a latent space model, each node v 2 V is mapped to a latent representation zv

in some space (e.g., the d-dimensional Euclidean space Rd). The probability puv of a link

between two nodes u and v is modeled as a function of their distance d(zu, zv) in the

latent space as well as other observed features of the nodes. The latent positions zv and

other model parameters are inferred from the observed network via maximum likelihood

estimation (MLE) or Markov chain Monte Carlo (MCMC) methods.

Compared to other models commonly used in social network analysis, the latent

space model offers several advantages. First, the latent space model directly reflects

the notion of homophily that has been observed in many social domains (McPherson

(„1 = �2; „2 = 0; fi = 0:05)
<latexit sha1_base64="YKHDS4S9scnR6BzqRHU6Vq9Cp1M="></latexit>



Based on slides by Constantinos Daskalakis: 
http://www.cs.columbia.edu/~ccanonne/workshop-focs2017/files/slides-workshop-daskalakis.pptx

T = 1
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Low temperature High temperature

Ising Model
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Given a 2-D lattice graph                       ,G = (V; E)
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Up/down spins

Computing Z requires 
summing over 2d 

configurations!

https://en.wikipedia.org/wiki/Melt_pond

p(x) =
1

Z
exp

n X

(i ;j)2E

xixj
T

o
; x 2 {±1}d

<latexit sha1_base64="3VfFI4ra5fZ0I6M04vFTS7R6AkM="></latexit>



Comparing Probability Distributions
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Integral Probability Metrics (IPMs)

Ex⇠q [f (x)]� Ex⇠p [f (x)]
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can estimate  
using samples😀

sup
f 2F
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“test functions”

30

observations {xi}
m
i=1 ⇠ p and {yj}

n
j=1 ⇠ q, and would like to test the hypotheses H0 : p = q

vs. H1 : p 6= q.

One approach of constructing a test statistic is to design an integral probability

metric (IPM) (Müller, 1997) of the form

�F (p, q) := sup
f 2F

�

�Ex⇠p [ f (x)]�Ey⇠q [ f (y)]
�

� , (3.2)

for some class F of functions f : X ! R. Many well-known metrics can be recovered

under the IPM framework using different choices of F (Sriperumbudur et al., 2012);

see Table 3.1 for some examples. In particular, by taking F = { f : k f kH  1} in

Eq. (3.2) to be the unit-ball in an RKHS with kernel k, we obtain the maximum mean

discrepancy (MMD) (Gretton et al., 2012).

Table 3.1.: Examples of integral probability metrics.

F Metric

{ f : k f k1  1} Total variation distance

{1(�1, t] : t 2 R} Kolmogorov distance

{ f : k f kL  1} Kantorovich metric (L1-Wasserstein distance)1

{ f : k f k1 + k f kL  1} Dudley metric

{ f : k f kH  1} Maximum mean discrepancy

Define the mean embedding of p to be an element µp inH such thatEp [ f ] =
⌦

f ,µp

↵

H

for all f 2 H . Assuming that k(·, ·) is measurable and Ep[
p

k(x , x)] <1, it can be

shown that µp 2 H exists, and is given by µp = Ex⇠p [k(·, x)]. The mean embedding

provides an alternative representation of the MMD:

MMDH (p, q) = sup
k f kH 1

�

�Ep [ f ]�Eq [ f ]
�

�= sup
k f kH 1

�

�

⌦

µp �µq, f
↵

H

�

�= kµp�µqkH . (3.3)

1Here, k f kL := supx 6=y2X
| f (x)� f (y)|

d(x ,y) denotes the Lipschitz semi-norm of a bounded continuous real-valued
function f on a metric space (X , d).

Data distribution 
        (unknown)q
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cannot compute  
if p un-normalized!           ☹

Model distribution 
        (un-normalized)p
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Test function  
(critic) f    (Gretton et al. ’12)



Comparing Unnormalized Distributions
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Apf (x) := rx log p(x) · f (x) +rx f (x)
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· For a smooth density     on       , set  Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sup
f 2F

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ex⇠q [Apf (x)]� Ex⇠p [Apf (x)]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Gorham & Mackey ’15, Chwialkowski et al. ’16, Liu et al. ’16)

Stein Discrepancy

(Stein identity)

(can still be evaluated when p is un-normalized!)

Model distribution 
        (un-normalized)p

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Data distribution 
        (unknown)q

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Applies only to continuous distributions with smooth densities!
Apf

<latexit sha1_base64="zd5fr8upTtrYUmG35YCeRpEZH1Y=">AAACE3icbZDLSsNAFIYnXmu81bp0M1gEVyWpgi4rKrisYC/QhDCZnrRDJ5MwM5GW0Mdw61bfwZ249QF8BZ/C6WWhrT8M/Pz/OczhC1POlHacL2tldW19Y7OwZW/v7O7tFw9KTZVkkkKDJjyR7ZAo4ExAQzPNoZ1KIHHIoRUOrid96xGkYol40KMU/Jj0BIsYJdpEQbHkXVHCAy/FXk8CiDwaB8WyU3GmwsvGnZsymqseFL+9bkKzGISmnCjVcZ1U+zmRmlEOY9vLFKSEDkgPOsYKEoPy8+H0+DE+MVEXR4k0T2g8TX+v5CRWahSHZjImuq8Wu0n4X9fJdHTp50ykmQZBZx9FGcc6wRMSuMskUM1HxhAqmTkW0z6RhGrDy7a96WZ+AxETbAJLjW3bNnDcRRTLplmtuGeV6v15uXY7x1RAR+gYnSIXXaAaukN11EAUDdEzekGv1pP1Zr1bH7PRFWu+c4j+yPr8AfZunXk=</latexit>

A BOUND FOR THE ERROR IN THE
NORMAL APPROXIMATION TO THE

DISTRIBUTION OF A SUM OF
DEPENDENT RANDOM VARIABLES

CHARLES STEIN
STANFORD UNIVERSITY

1. Introduction

This paper has two aims, one fairly concrete and the other more abstract. In
Section 3, bounds are obtained under certain conditions for the departure of
the distribution of the sum of n terms of a stationary random sequence from a
normal distribution. These bounds are derived from a more abstract normal
approximation theorem proved in Section 2. I regret that, in order to complete
this paper in time for publication, I have been forced to submit it with many
defects remaining. In particular the proof of the concrete results of Section 3 is
somewhat incomplete.
A well known theorem of A. Berry [1] and C-G. Esseen [2] asserts that if

X1, X2, . is a sequence of independent identically distributed random variables
with EXi = 0, EXV = 1, and ,B = EIXij3 < oo. then the cumulative distribution
function of (1//;n) Yi=l Xi differs from the unit normal distribution by at most
Kf3/ n where K is a constant, which can be taken to be 2. It seems likely, but
has never been proved and will not be proved here, that a similar result holds
for stationary sequences in which the dependence falls off sufficiently rapidly
and the variance of(1//;n) X1.1 Xi approaches a positive constant. I. Ibragimov
and Yu. Linnik ([3], pp. 423-432) prove that, under these conditions, the limiting
distribution of (1/ /n) E Xi is normal with mean 0 and a certain variance G2
Perhaps the best published results on bounds for the error are those of Phillip
[5]. who shows that if in addition the Xi are bounded, with exponentially de-
creasing dependence, then the discrepancy is roughly of the order of n-114
In Corollary 3.2 of the present paper it is proved that under these conditions the
discrepancy is of the order of n - 1/2(log n)2. Actually the assumption of bounded-
ness is weakened to the finiteness of eighth moments. In Corollary 3.1 it is proved
that if the assumption of exponential decrease of dependence is strengthened
tormdependence, the error in the normal approximation is of the order of n- 1/2
The abstract normal approximation theorem of Section 2 is elementary in the

sense that it uses only the basic properties of conditional expectation and the
elements of analysis, including the solution of a first order linear differential
equation. It is also direct, in the sense that the expectation of a fairly arbitrary
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💡 Find Stein operator        s.t.Ap
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ex⇠q [Apf (x)] = 0; 8f 2 F
<latexit sha1_base64="uTpWZu1/o3PdO9Ztfed+xNIY0NE="></latexit>

if and only if               .p = q
<latexit sha1_base64="rNWnPl71bgLmuHlR4iQ8IFvcpXc=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIq6EYo6KLLCvYBTSiT6U07dDKJMxOxhO7dutV/cCdu/Q1/wa9w2mahrQcGDufcw71zgoQzpR3nyyqsrK6tbxQ37a3tnd290v5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej66nffgCpWCzu9DgBPyIDwUJGiTZS20vwFfbue6WyU3FmwMvEzUkZ5Wj0St9eP6ZpBEJTTpTquk6i/YxIzSiHie2lChJCR2QAXUMFiUD52ePs3gk+MVIfh7E0T2g8U39HMhIpNY4CMxkRPVSL3lT8z+umOrz0MyaSVIOg80VhyrGO8fTzuM8kUM3HhhAqmTkW0yGRhGpTkW17s2R2AyETbNqPmti2bcpxF6tYJq1qxT2rVG/Py7V6XlMRHaFjdIpcdIFqqI4aqIkoGqFn9IJerSfrzXq3PuajBSvPHKI/sD5/APkDmBA=</latexit>



What About Discrete Distributions?
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Consider a finite set      :                                            is not defined on        !X
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

rx = (: : : ; @
@xi

; : : : )T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3

1

2
X = {1; 2; 3}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

¬¬¬¬¬¬<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> ������<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>������<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X = {0; 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 1
¬¬¬¬¬¬<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Gradients      are no longer available! 
rx

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Theorem (Difference Stein identity)   For any function f and pmf    ,                                      .p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ex⇠p [Apf (x)] = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Theorem   For positive pmfs     and    ,                                               iff.             .p = q
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ex⇠q [Apf (x)] = 0; 8f
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

normalization constant in p cancels out!

Difference operator   For any                and function                         ,   x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f : X d ! R
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�⇤f (x) := (: : : ; f (x)� f (������ix); : : : )T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�f (x) := (: : : ; f (x)� f (¬¬¬¬¬¬ix); : : : )T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

💡

Difference Stein operator     For any function f and pmf    ,p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Apf (x) :=
�p(x)

p(x)
f (x)��⇤f (x)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

💡

Recall: Continuous case:

Apf (x) =
rp(x)

p(x)
f (x) +rf (x)

<latexit sha1_base64="6iOfRt9ovYn8UiA90/RaXEcikn8="></latexit>



· General recipe:  
   - Graph-based construction (e.g., via Laplacian)

· Discrete case:
L = �; L⇤ = �⇤

<latexit sha1_base64="PmOCSxOMewVAFZviO6/JrNxSa68="></latexit>

· Continuous case:
L = r; L⇤ = �r·

<latexit sha1_base64="zg7/ZkFmeFYH2uqHYf0HSkAVK6w="></latexit>

Characterization of Stein Operators
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Ex⇠p [Tpf (x)] = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for some bivariate function     on                   , s.t. “adjoint operators”

Theorem    For any positive pmf     on       , a linear operator       satisfiesTp
<latexit sha1_base64="zUD+IWjJPUhhQOCsT61m9q7nY4g=">AAACEnicbZDNSsNAFIUn/tb41+rSzWARXJWkCros6KLLCv2DpoTJ9KYdOpmEmYlaQt/CrVt9B3fi1hfwFXwKp2kX2npg4HDOvczlCxLOlHacL2ttfWNza7uwY+/u7R8cFktHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2Z95x6kYrFo6kkC/YgMBQsZJdpEfrHkxZKIIWRekxLue8nUL5adipMLrxp3YcpooYZf/PYGMU0jEJpyolTPdRLdz4jUjHKY2l6qICF0TIbQM1aQCFQ/e8xvn+IzEw1wGEvzhMZ5+nslI5FSkygwkxHRI7XczcL/ul6qw+t+xkSSahB0/lGYcqxjPAOBB0wC1XxiDKGSmWMxHRFJqDa4bNvLN7NbCJlgM1Zqatu2geMuo1g17WrFvahU7y7LtfoCUwGdoFN0jlx0hWqojhqohSh6QM/oBb1aT9ab9W59zEfXrMXOMfoj6/MHxJudag==</latexit>

X d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for all functions               if and only if there exist linear operatorsf 2 F
<latexit sha1_base64="GOEn4hmR6IT5b/JOJ8CWoQ/kqzE=">AAACCHicbVDLSgMxFM3UVx1fVZdugkVwVWaqoMuCIl1WsA/pDCWTZtrQJDMkGbEM/QG3bvUf3Ilb/8Jf8CvMTGehrQcCh3Pu4d6cIGZUacf5skorq2vrG+VNe2t7Z3evsn/QUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeYXGV+94FIRSNxp6cx8TkaCRpSjLSR7kOPCu8GIzaoVJ2akwMuE7cgVVCgNah8e8MIJ5wIjRlSqu86sfZTJDXFjMxsL1EkRniCRqRvqECcKD99zC+ewRMjDWEYSfOEhrn6O5IirtSUB2aSIz1Wi14m/uf1Ex1e+ikVcaKJwPNFYcKgjmD2fTikkmDNpoYgLKk5FuIxkghrU5Jte3kyvSYhFTRrSM1s2zbluItVLJNOveae1eq359VGs6ipDI7AMTgFLrgADdAELdAGGHDwDF7Aq/VkvVnv1sd8tGQVmUPwB9bnD2+cmXk=</latexit>

X d ⇥ X d
<latexit sha1_base64="FQpWcE8ZDXvMZ7s9epy3RRBeMDU=">AAACFnicbVDLSsNAFJ3UV42vqLhyM1gEVyWpgi4Luuiygn1AE8tkMmmHTiZhZiKW0P9w61b/wZ24desv+BVO0iy09cDAmXPu4V6OnzAqlW1/GZWV1bX1jeqmubW9s7tn7R90ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOdPrnO/90CEpDG/U9OEeBEacRpSjJSWhtaR28eI3QeuohGR5QcOrZpdtwvAZeKUpAZKtIfWtxvEOI0IV5ghKQeOnSgvQ0JRzMjMdFNJEoQnaEQGmnKkl3nZY3H/DJ5qKYBhLPTjChbq70iGIimnka8nI6TGctHLxf+8QarCKy+jPEkV4Xi+KEwZVDHMy4ABFQQrNtUEYUH1sRCPkUBY6cpM0y2S2Q0JKad5X3JmmqYux1msYpl0G3XnvN64vag1W2VNVXAMTsAZcMAlaIIWaIMOwCADz+AFvBpPxpvxbnzMRytGmTkEf2B8/gAokp6h</latexit>

g
<latexit sha1_base64="MbTxtaoTH2Wnsek688w0lV30MA4=">AAACCnicbVDLSsNAFJ3UV42vqks3g0VwVZIq6LKgiy4r2AckoUymk3boZCbMTMQS+gdu3eo/uBO3/oS/4Fc4SbPQ1gMDZ865h3s5YcKo0o7zZVXW1jc2t6rb9s7u3v5B7fCop0QqMeliwYQchEgRRjnpaqoZGSSSoDhkpB9Ob3K//0CkooLf61lCghiNOY0oRtpInm++hGuUjefDWt1pOAXgKnFLUgclOsPatz8SOI1NHjOklOc6iQ4yJDXFjMxtP1UkQXhqNniGchQTFWSPxc1zeGakEYyENI9rWKi/IxmKlZrFoZmMkZ6oZS8X//O8VEfXQUZ5kmrC8WJRlDKoBcwLgCMqCdZsZgjCkppjIZ4gibA2Ndm2XySzWxJRTvOO1Ny2bVOOu1zFKuk1G+5Fo3l3WW+1y5qq4AScgnPggivQAm3QAV2AgQDP4AW8Wk/Wm/VufSxGK1aZOQZ/YH3+AKahmro=</latexit>

Lf (x) =
X

x02Xd

g(x; x0) f (x0); L⇤f (x) =
X

x02Xd

g(x0; x) f (x0); 8f 2 F
<latexit sha1_base64="oSBg6bA+YFdnNDVb02J/azL5j8E="></latexit>

Tpf (x) =
Lp(x)
p(x)

f (x)� L⇤f (x)
<latexit sha1_base64="jvlCSLqYARwtwRUGLAgGqwsIWRI="></latexit>

holds for all                and functions              .x 2 X d
<latexit sha1_base64="IX7F1cDzsrcloZBG+gRyaeg7mh0=">AAACEHicbZDNSsNAFIUn9a/Gn0ZdugkWwVVJqqDLgi66rGB/oIllMr1ph04mYWZSWkJfwq1bfQd34tY38BV8CqdpF9p6YOBwzr3M5QsSRqVynC+jsLG5tb1T3DX39g8OS9bRcUvGqSDQJDGLRSfAEhjl0FRUMegkAnAUMGgHo9t53x6DkDTmD2qagB/hAachJVjpqGeVvMkYiEe51yGYPfZ7VtmpOLnsdeMuTRkt1ehZ314/JmkEXBGGpey6TqL8DAtFCYOZ6aUSEkxGeABdbTmOQPrZJL98Zp/rqG+HsdCPKztPf69kOJJyGgV6MsJqKFe7efhf101VeONnlCepAk4WH4Ups1VszzHYfSqAKDbVBhNB9bE2GWKBidKwTNPLN7M7CCmnc1JyZpqmhuOuolg3rWrFvaxU76/KtfoSUxGdojN0gVx0jWqojhqoiQhK0TN6Qa/Gk/FmvBsfi9GCsdw5QX9kfP4A61mcZg==</latexit>

f 2 F
<latexit sha1_base64="GOEn4hmR6IT5b/JOJ8CWoQ/kqzE=">AAACCHicbVDLSgMxFM3UVx1fVZdugkVwVWaqoMuCIl1WsA/pDCWTZtrQJDMkGbEM/QG3bvUf3Ilb/8Jf8CvMTGehrQcCh3Pu4d6cIGZUacf5skorq2vrG+VNe2t7Z3evsn/QUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeYXGV+94FIRSNxp6cx8TkaCRpSjLSR7kOPCu8GIzaoVJ2akwMuE7cgVVCgNah8e8MIJ5wIjRlSqu86sfZTJDXFjMxsL1EkRniCRqRvqECcKD99zC+ewRMjDWEYSfOEhrn6O5IirtSUB2aSIz1Wi14m/uf1Ex1e+ikVcaKJwPNFYcKgjmD2fTikkmDNpoYgLKk5FuIxkghrU5Jte3kyvSYhFTRrSM1s2zbluItVLJNOveae1eq359VGs6ipDI7AMTgFLrgADdAELdAGGHDwDF7Aq/VkvVnv1sd8tGQVmUPwB9bnD2+cmXk=</latexit>

(Stein identity)



For some space      of functions                          ,F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f : X d ! Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

D (q k p) := sup
f2F

Ex⇠q [tr (Apf(x))]
<latexit sha1_base64="/upA1wwXDPCqPCQkeWvromK32pI="></latexit>

How to choose     to make the optimization tractable?
F

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Discrete Stein Discrepancy

     : reproducing kernel Hilbert space (RKHS) with kernel k(·; ·)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

D (q k p) := sup
f2Hd ; kfk

Hd1
Ex⇠q [tr (Apf(x))]

<latexit sha1_base64="uIeJFEAMIG8i+Ksd0MNrU/u0DlI="></latexit>

D2(q k p) = Ex;x0⇠q [»p(x; x
0)]

<latexit sha1_base64="GFNloXZhUD3d6xjwoQ+w2MzyLGc="></latexit>

Theorem    Optimizing over RKHS yields closed-form solution:

Kernelized Discrete Stein Discrepancy (KDSD) ·  Exponentiated Hamming kernel

k(x; x0) = e�H(x;x0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

„
H(x; x0) :=

1

d

dX

i=1

I{xi 6= x
0
i }
«

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

·  Kernels for structured data
Graph kernels, string kernels, etc.

� := Ex⇠q [Apk(·; x)]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H
d

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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· Estimate from samples                         :{xi}ni=1 ⇠ q
<latexit sha1_base64="uUi53KUhJt1Ru3yL9iz9Ni7JC9M=">AAACHXicbZDLSsNAGIUnXmu8RV3qYrAIrkpSBd0IBV10WcHaQhPDZPpHh04mcWYilpCNL+LWrb6DO3ErvoJPYVKz8HZg4HDO/zMzX5BwprRtvxtT0zOzc/O1BXNxaXll1VpbP1dxKil0acxj2Q+IAs4EdDXTHPqJBBIFHHrB6LjsezcgFYvFmR4n4EXkUrCQUaKLyLe23My9vQHqMzf3M3bk5BcCu4pF2L02fatuN+yJ8F/jVKaOKnV868MdxjSNQGjKiVIDx060lxGpGeWQm26qICF0RC5hUFhBIlBedjv5Ro53imiIw1gWR2g8Sb+vZCRSahwFxWRE9JX63ZXhf90g1eGhlzGRpBoE/booTDnWMS6Z4CGTQDUfF4ZQyYrHYnpFJKG6IGea7mQzO4GQCVZiU7lplnCc3yj+mvNmw9lrNE/36612hamGNtE22kUOOkAt1EYd1EUU3aEH9IiejHvj2XgxXr9Gp4xqZwP9kPH2CTN8oT0=</latexit>

cD2(q k p) = 1

n(n � 1)

nX

i=1

nX

j 6=i

»p(xi ; xj)

<latexit sha1_base64="VDUxMAMnknd659U3M/d1pxZ/QbE="></latexit>

Use as test statistic!

where »p(x; x
0) := sp(x)

Tk(x; x0) sp(x
0)� sp(x)

T�⇤
x0k(x; x

0)��⇤
xk(x; x

0)Tsp(x
0) + tr(�⇤

x;x0k(x; x
0))

<latexit sha1_base64="Cpf1b0wMyhMLeCNzGJ/jJVlu7+4="></latexit>

(sp(x) := �p(x)=p(x))
<latexit sha1_base64="XAqRt17LzjBU5XZ7JhV/vAnolvk="></latexit>

D2(q k p) = k�k2
Hd

<latexit sha1_base64="oiEDe7/RZ5NqimULBM9Dmw5qYH4="></latexit>

f⇤
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



💡Goodness-of-Fit Test

Given a probability distribution     on        and data samples                          , testX d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H0 : p = q vs. H1 : p 6= q
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{xi}ni=1 ⇠ q
<latexit sha1_base64="uUi53KUhJt1Ru3yL9iz9Ni7JC9M=">AAACHXicbZDLSsNAGIUnXmu8RV3qYrAIrkpSBd0IBV10WcHaQhPDZPpHh04mcWYilpCNL+LWrb6DO3ErvoJPYVKz8HZg4HDO/zMzX5BwprRtvxtT0zOzc/O1BXNxaXll1VpbP1dxKil0acxj2Q+IAs4EdDXTHPqJBBIFHHrB6LjsezcgFYvFmR4n4EXkUrCQUaKLyLe23My9vQHqMzf3M3bk5BcCu4pF2L02fatuN+yJ8F/jVKaOKnV868MdxjSNQGjKiVIDx060lxGpGeWQm26qICF0RC5hUFhBIlBedjv5Ro53imiIw1gWR2g8Sb+vZCRSahwFxWRE9JX63ZXhf90g1eGhlzGRpBoE/booTDnWMS6Z4CGTQDUfF4ZQyYrHYnpFJKG6IGea7mQzO4GQCVZiU7lplnCc3yj+mvNmw9lrNE/36612hamGNtE22kUOOkAt1EYd1EUU3aEH9IiejHvj2XgxXr9Gp4xqZwP9kPH2CTN8oT0=</latexit>

KDSD Goodness-of-Fit Test
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Model does not fit observed data!
Reject H0

cD2(q k p)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

· Decision rule:  Reject        if                                       H0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

cD2(q k p) > ‚1�¸
<latexit sha1_base64="d9wGR31dEjM8ePZ/ObwFq1/oIoQ="></latexit>

· Compute KDSD test statistic

cD2(q k p) = 1

n(n � 1)

nX

i=1

nX

j 6=i

»p(xi ; xj)

<latexit sha1_base64="TipC4aOQ147XdPQKSxzZ2k8Osbo="></latexit>

· Compute critical value            via generalized bootstrap‚1�¸
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Arcones & Gine, 1992)

‚1�¸
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

fD2(q k p) = 1

n(n � 1)

nX

i=1

nX

j 6=i

ewi ewj »p(xi ; xj)

<latexit sha1_base64="KYGck5qEOLWbY9B4GUs2Qy6sLoU="></latexit>

w1; : : : ; wn ⇠ Mult(1=n; : : : ; 1=n)
<latexit sha1_base64="P/W6OqbPBhCVMW4FRV0A5sJvOok="></latexit>

ewi = (wi � 1)=n
<latexit sha1_base64="mQCuzAyX/kHww2sbr4b8UbArIOE="></latexit>



Example: KDSD GoF Test for Ising Model
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· Decision rule:  Reject        if                                       H0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

cD2(q k p) > ‚1�¸
<latexit sha1_base64="d9wGR31dEjM8ePZ/ObwFq1/oIoQ="></latexit>

· Compute critical value            via generalized bootstrap‚1�¸
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Arcones & Gine, 1992)

cD2(q k p) = 1

n(n � 1)

nX

i=1

nX

j 6=i

ewi ewj »p(xi ; xj)

<latexit sha1_base64="U+YlSvypaL1WjSLNNxh+si2LJJ4="></latexit>

· Compute KDSD test statistic

cD2(q k p) = 1

n(n � 1)

nX

i=1

nX

j 6=i

»p(xi ; xj)

<latexit sha1_base64="TipC4aOQ147XdPQKSxzZ2k8Osbo="></latexit>

where »p(x; x
0) := sp(x)

Tk(x; x0) sp(x
0)� sp(x)

T�⇤
x0k(x; x

0)��⇤
xk(x; x

0)Tsp(x
0) + tr(�⇤

x;x0k(x; x
0))

<latexit sha1_base64="Cpf1b0wMyhMLeCNzGJ/jJVlu7+4="></latexit>

Given samples                           on              , test{xi}ni=1 ⇠ q
<latexit sha1_base64="uUi53KUhJt1Ru3yL9iz9Ni7JC9M=">AAACHXicbZDLSsNAGIUnXmu8RV3qYrAIrkpSBd0IBV10WcHaQhPDZPpHh04mcWYilpCNL+LWrb6DO3ErvoJPYVKz8HZg4HDO/zMzX5BwprRtvxtT0zOzc/O1BXNxaXll1VpbP1dxKil0acxj2Q+IAs4EdDXTHPqJBBIFHHrB6LjsezcgFYvFmR4n4EXkUrCQUaKLyLe23My9vQHqMzf3M3bk5BcCu4pF2L02fatuN+yJ8F/jVKaOKnV868MdxjSNQGjKiVIDx060lxGpGeWQm26qICF0RC5hUFhBIlBedjv5Ro53imiIw1gWR2g8Sb+vZCRSahwFxWRE9JX63ZXhf90g1eGhlzGRpBoE/booTDnWMS6Z4CGTQDUfF4ZQyYrHYnpFJKG6IGea7mQzO4GQCVZiU7lplnCc3yj+mvNmw9lrNE/36612hamGNtE22kUOOkAt1EYd1EUU3aEH9IiejHvj2XgxXr9Gp4xqZwP9kPH2CTN8oT0=</latexit>

{±1}d
<latexit sha1_base64="KuNLRPKbEZ8dhGNI3KOO8LTOrN8=">AAACCXicbVBLTsMwFHTKr4RfgSUbiwqJVZUUJFhWgkWXRaIf0YTKcZzWquNEtoOoopyALVu4AzvEllNwBU6Bk2YBLSNZGs280XseL2ZUKsv6Miorq2vrG9VNc2t7Z3evtn/Qk1EiMOniiEVi4CFJGOWkq6hiZBALgkKPkb43vcr9/gMRkkb8Vs1i4oZozGlAMVJaunNSJw5tJ7v3R7W61bAKwGVil6QOSnRGtW/Hj3ASEq4wQ1IObStWboqEopiRzHQSSWKEp2hMhppyFBLppo/FyRk80ZIPg0joxxUs1N+RFIVSzkJPT4ZITeSil4v/ecNEBZduSnmcKMLxfFGQMKgimP8f+lQQrNhME4QF1cdCPEECYaVbMk2nSKbXJKCc5hXJzDRNXY69WMUy6TUb9lmjeXNeb7XLmqrgCByDU2CDC9ACbdABXYABB8/gBbwaT8ab8W58zEcrRpk5BH9gfP4ATmOZ9A==</latexit>

H0 : T = T0 vs. H1 : T 6= T0
<latexit sha1_base64="b8wCyBzx7D5pRAWiG86EtC1+Ogg="></latexit>

p(x) / exp
n X

(i ;j)2E

xixj
T0

o

<latexit sha1_base64="QoH2G+hiWBFsc32IzM4xpax7B5g="></latexit>

q(x) / exp
n X

(i ;j)2E

xixj
T

o

<latexit sha1_base64="tgrn/0AU4Jhl/d26acl/LdLeam0="></latexit>

sp(x) = �p(x)=p(x)

=

„
1� exp

n
� 2xi

X

j2Ni

xj
T0

o«d

i=1
<latexit sha1_base64="GcI4o/zuUu818zDk7MaKKFXidpw="></latexit>

k(x; x0) = e�H(x;x0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

������<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

— +
¬¬¬¬¬¬<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>�⇤f (x) := (: : : ; f (x)� f (������ix); : : : )T

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�f (x) := (: : : ; f (x)� f (¬¬¬¬¬¬ix); : : : )T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Empirical Evaluation
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Bernoulli RBM
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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1
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mX

j 6=i
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2

mn

mX

i=1

nX

j=1

k(xi ; yj)
<latexit sha1_base64="s6Gq0PnTORhelUncEm4izpl8tzA="></latexit>

{xi}mi=1 ⇠ p
<latexit sha1_base64="uhrvx5a1uBQQdlkhs0KeJ3Ev4VA=">AAACHXicbVDNSsNAGNz4W+Nf1KMeFovgqSQq6EUo6KHHCrYKTQ2b7Ze6uNmE3U1pCbn4Il696jt4E6/iK/gUbmoPWh3YZZj5hm93wpQzpV33w5qZnZtfWKws2csrq2vrzsZmWyWZpNCiCU/kdUgUcCagpZnmcJ1KIHHI4Sq8Oyv9qwFIxRJxqUcpdGPSFyxilGgjBc6On/vDAdCA+UWQs1OvuImxr5i5Ujtwqm7NHQP/Jd6EVNEEzcD59HsJzWIQmnKiVMdzU93NidSMcihsP1OQEnpH+tAxVJAYVDcfjr9R4D0j9XCUSHOExmP1ZyQnsVKjODSTMdG3atorxf+8Tqajk27ORJppEPR7UZRxrBNcdoJ7TALVfGQIoZKZx2J6SySh2jRn2/44mZ9DxAQra1OFbZfleNNV/CXtg5p3WDu4OKrWG5OaKmgb7aJ95KFjVEcN1EQtRNE9ekRP6Nl6sF6sV+vte3TGmmS20C9Y718wOqE7</latexit>

{yi}ni=1 ⇠ q
<latexit sha1_base64="UF2XCQQMdv5RyM9T5GPZeEMdHW0=">AAACHXicbZDNSsNAFIUn9T/+VV3qYrAIrkpSBd0IBV24rGCr0MQwmd7UwckkzkyKIWTji7h1q+/gTtyKr+BTmMQu1Hpg4HDOvczM58ecKW1ZH0Ztanpmdm5+wVxcWl5Zra+t91SUSApdGvFIXvpEAWcCupppDpexBBL6HC78m+OyvxiBVCwS5zqNwQ3JULCAUaKLyKtvOZmTjoB6zMm9jB3Z+ZXAjmIhdm5Nr96wmlYlPGnssWmgsTpe/dMZRDQJQWjKiVJ924q1mxGpGeWQm06iICb0hgyhX1hBQlBudld9I8c7RTTAQSSLIzSu0p8rGQmVSkO/mAyJvlZ/uzL8r+snOjh0MybiRIOg3xcFCcc6wiUTPGASqOZpYQiVrHgsptdEEqoLcqbpVJvZCQRMsBKbyk2zhGP/RTFpeq2mvddsne032qdjTPNoE22jXWSjA9RGp6iDuoiie/SIntCz8WC8GK/G2/dozRjvbKBfMt6/ADUwoT4=</latexit>

MMD two-sample test: Requires samples from both p and q!
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H0 : „2 = 0 vs. H1 : „2 6= 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Use W-L graph kernel)



GoF testing for distributions over fixed-length vectors (          defined only for vectors).r;�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

So Far…
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Continuous distributions Discrete distributions Point processes

Normalized
 Kolmogorov–Smirnov test 

Cramér–von Mises test 
Anderson–Darling test

Chi-squared test (mainly Poisson-type)

Kernelized Stein discrepancy  
(Chwialkowski, Strathmann, Gretton. ICML’16) 

(Liu, Lee, Jordan. ICML’16)
Unnormalized ❓✔

But point processes are distributions over sets containing an arbitrary number of points!

Need a new set of tools!



   's cancel out!
Z

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Poisson process: 

Strauss process: 

⇢(x |�) = exp

8
<

:�
|�|X

k=1

X

!✓�; |!|=k�1

 k({x} [ !)

9
=

;
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢(x |�) ⌘ –(x)
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Gibbs process: 

Intensity function         is also intractable! ☹–(x)
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Gibbs processes

Poisson process:  k ⌘ 0; 8k � 2
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Density

Point pattern 
(set of points) Intractable!

k-th order interaction potential 
 k > 0 (k � 2) )
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Towards a Stein Operator for Point Processes
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Papangelou conditional intensity

⇢(x |�) =

8
>><

>>:

f (� [ {x})
f (�)

; x 62 �

f (�)

f (�\{x}) ; x 2 �
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Theorem (Stein identity)                                                                for all bounded functions    .� ⇠ ⇢ ) E [A⇢h(�)] = 0
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(May be insufficient for non-Poisson processes.)

For Poisson processes:   ·                              ; recovers previously known result  (Barbour & Brown, 1992)⇢(x |�) ⌘ –(x)
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X
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Stein–Papangelou operator     For any function     and Papangelou intensity    , defineh
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“forward” difference “backward” difference

Proof     Uses the Georgii–Nguyen–Zessin (GNZ) formula from point process theory.

Recall: Difference Stein operator Apf (x) :=
�p(x)

p(x)
f (x)��⇤f (x)
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h2H; khkH1

E�⇠” [A⇢h(�)]
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Kernelized Stein Discrepancy

     : reproducing kernel Hilbert space (RKHS) with kernel k(·; ·)
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Require numerical  
integration

D (” k ⇢) = E�; ⇠” [»⇢(�; )]
<latexit sha1_base64="77Obc+0Ow9rH/NWKvoekFwqI7Sc="></latexit>
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⇢(u|�) ⇢(v | ) du dv
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·  An MMD-based kernel for point processes

kM(�;  ) := exp{�cd2(�;  )}
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y 02 
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� 2

|�| · | |
X

x2�
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y2 
kX(x; y)
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(MMD V-statistic estimate)



💡Goodness-of-Fit Test

Model does not fit observed data!
Reject H0

cD2(q k p)
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· Decision rule:  Reject        if                                       H0
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Given a Papangelou conditional intensity     and point patterns                           , test⇢
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· Compute critical value            via generalized bootstrap‚1�¸
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(Arcones & Gine, 1992)
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j 6=i

ewi ewj »⇢(Xi ;Xj)
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· Compute KDSD test statistic
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Requires samples from both p and q!
MMD two-sample test:

MMD2
u =
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mn
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· Construct a Stein operator (prove Stein identity) (using the unnormalized density). 
· Define a positive-definite kernel on the underlying space. 
· Establish a kernelized Stein discrepancy measure. 
· Computation of the test statistic; bootstrapping procedure.

Goodness-of-Fit Testing via Kernelized Stein Discrepancy

Continuous distributions Discrete distributions Point processes

Normalized
 Kolmogorov–Smirnov test 

Cramér–von Mises test 
Anderson–Darling test

Chi-squared test (mainly Poisson-type)

Unnormalized (Y, Rao, Neville. AISTATS’19) (Y, Liu, Rao, Neville. ICML’18)
(Chwialkowski, Strathmann, Gretton. ICML’16) 

(Liu, Lee, Jordan. ICML’16)

Apf (x) :=
�p(x)

p(x)
f (x)��⇤f (x)
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Apf (x) =
rp(x)

p(x)
f (x) +rf (x)
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Immediate Questions
· KSD tests for very high-dimensional distributions? 
· Stein operator that fully characterizes a general point processes? 
· More efficient computation of Stein–Papangelou test statistic. »⇢(�;  ) =

Z

X

Z

X

h
k(� [ {u};  [ {v})� k(�;  [ {v})� k(� [ {u};  ) + k(�;  )

i
⇢(u|�) ⇢(v | ) du dv

+

Z

X

»X

x2�

ˆ
k(�\{x};  [ {v})� k(�\{x};  )

˜
� |�| ·

ˆ
k(�;  [ {v})� k(�;  )

˜–
⇢(v | ) dv

+

Z

X

»X

y2 

ˆ
k(� [ {u};  \{y})� k(�;  \{y})

˜
� | | ·

ˆ
k(� [ {u};  )� k(�;  )

˜–
⇢(u|�) du

+

"
X

x2�

X

y2 
k(�\{x};  \{y})� |�| ·

X

y2 
k(�;  \{y})� | | ·

X

x2�
k(�\{x};  ) + |�| · | | · k(�;  )

#
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Future Directions
· Composite hypothesis testing / latent variable models:  

· Stein discrepancy beyond KSD 

· Stein’s method for approximate inference 

· Interpretable features for model criticism  

· Sketching for kernel hypothesis testing

(cf. Jitkrittum et al. ’18)

(cf. Gorham & Mackey ’15; Jitkrittum et al. ’17; Huggins & Mackey ’18)

H0 : q 2 P„ vs. H1 : q 62 P„
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(cf. Liu & Wang ’16; Liu & Lee ‘ 17; Han & Liu’ 18; Chen et al. ’18)

(cf. Zhao & Meng ’14; Huggins & Mackey ’18))

E [A⇢h(�)] = 0; 8h ) � ⇠ ⇢
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?



Thesis Organization

 26

10

Chapter 4 
Decoupling Homophily and Reciprocity  

with Latent Space Network Models

Chapter 5 
Goodness-of-Fit Testing for Discrete  
Distributions via Stein Discrepancy

Chapter 2 
Models for Networks and Point Processes
2.1  Statistical Network Models 
2.2  Point Processes 

2.2.1  Temporal Point Processes 
2.2.2  General Point Processes  

Chapter 3 
Nonparametric Hypothesis Testing
3.1  Reproducing Kernel Hilbert Spaces 
3.2  Maximum Mean Discrepancy and  

Two-Sample Tests 
3.3  Stein Discrepancy and  

Goodness-of-Fit Tests

Chapter 6 
A Stein–Papangelou Goodness-of-Fit Test 

for Point Processes

Figure 1.4.: Dependency structure of Chapters 2–6.

(UAI’17)

(ICML’18)

(AISTATS’19)
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Homophily

Reciprocity

m˨Ͼ̥ͬχ �˨ϑ̥;ϑ ëθ˨̥̐ �Ύ̙̥ͱχ

mŏʶǺƚɯ 4ʕŏȀ �ŏɾƚȘɾ ëɔŏżƚ 4�ë �ȩƇƚȀ
ˈʮ ∼ N ߞσ,ߜ) vƆ×Ɔ) ∀ʮ ∈ Ě
µʮ ∼ N µߞσ,ߜ) vƆ×Ɔ) ∀ʮ ∈ Ě

ε(ų)ʮ ∼ N εߞσ,ߜ) vƆ×Ɔ) ∀ʮ ∈ Ě, ų = ,ߝ . . . ,$

ʺ(ų)ʮ ∼ µʮ + ε(ų)ʮ ∀ʮ ∈ Ě, ų = ,ߝ . . . ,$
λʑʮ(ɺ) = γ ƙ−∥ˈʑ−ˈʮ∥ߞߞ

︸ ︷︷ ︸
mȩȒȩɔǕǞȀʿ ųŏɯƚࡷɟŏɾƚ

+
∑

ǹ: ɺʮʑǹ <ɺ

$∑

ų=ߝ
β ƙ−∥ʺ(ų)ʑ −ʺ(ų)ʮ ߞߞ∥ φų(ɺ− ɺʮʑǹ )

︸ ︷︷ ︸
áƚżǞɔɟȩżŏȀ żȩȒɔȩȘƚȘɾ

�ʑʮ(·) ∼ mŏʶǺƚɯÚɟȩżƚɯɯ(λʑʮ(·)) ∀ʑ ̸= ʮ ߤߝࡕߤ

t

t

Homophily Reciprocal

(Y, Rao, Neville. UAI’17)
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· Randomized Sketching Methods for Scalable Computations

- Chowdhury, Y, and Drineas. Randomized iterative algorithms for Fisher discriminant analysis.  
Under review, 2019. 

- Chowdhury, Y, and Drineas. Structural conditions for projection-cost preservation via  
randomized matrix multiplication. LAA, 2019. 

- Chowdhury, Y, and Drineas. An iterative, sketching-based framework for ridge regression. ICML, 2018.

t

t· Learning with Networks and Point Processes
- Y, Rao, and Neville. Decoupling homophily and reciprocity with latent space network models. UAI, 2017. 

- Y, Ribeiro, and Neville. Stochastic gradient descent for relational logistic regression via partial  
network crawls. StarAI, 2017. 

- Y, Ribeiro, and Neville. Should we be confident in peer effects estimated from partial crawls of  
social networks? ICWSM, 2017.
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· Statistical Model Criticism for Intractable Distributions
- Y, Rao, and Neville. A Stein–Papangelou goodness-of-fit test for point processes. AISTATS, 2019. 
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Fig. 2: An example conditional intensity function for a self-exciting process.

2.3 Compensators

Frequently the integrated conditional intensity function is needed (for example, in parameter estima-
tion and goodness of fit testing); it is defined as follows.

Definition 4 (Compensator) For a counting process N(·) the non-decreasing function

⇤(t) =

Z t

0
�⇤(s) ds

is called the compensator of the counting process.

In fact, a compensator is usually defined more generally and exists even when �⇤(·) does not exist.
Technically ⇤(t) is the unique H(t) predictable function, with ⇤(0) = 0, and is non-decreasing, such
that N(t) = M(t) + ⇤(t) almost surely for t � 0 and where M(t) is an H(t) local martingale, whose
existence is guaranteed by the Doob–Meyer decomposition theorem. However, for HPs �⇤(·) always
exists (in fact, as we shall see in Section 3, a HP is defined in terms of this function) and therefore
Definition 4 is su�cient for our purposes.

3 Literature review

With essential background and core concepts outlined in Section 2, we now turn to discussing HPs,
including their useful immigration–birth representation. We briefly touch on generalisations, before
turning to a illustrative account of HPs for financial applications.

3.1 The Hawkes process

Point processes gained a significant amount of attention in the field of statistics during the 1950s and
1960s. First, Cox [10] introduced the notion of a doubly stochastic Poisson process (now called the Cox
process) and Bartlett [11,12,13] investigated statistical methods for point processes based on their
power spectral densities. At IBM Research Laboratories, Lewis [14] formulated a point process model
(for computer failure patterns) which was a step in the direction of the HP. The activity culminated in
the significant monograph by Cox and Lewis [15] on time series analysis; modern researchers appreciate
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Proof. By Theorem 5.3.1, we have

D(q k p)2 = Ex ,x 0⇠q

⇥

�p,q(x )Tk(x , x 0)�p,q(x 0)
⇤

=
X

x2X d

X

x 02X d

q(x )�p,q(x )Tk(x , x 0)�p,q(x 0)q(x 0),

where �p,q(x ) = sp(x ) � sq(x ) 2 Rd . Denote the `-th element of �p,q by �`p,q, and

write g ` := [q(x )�`p,q(x )]x2X d for ` = 1, . . . , d. Then, D(q k p)2 =
Pd
`=1 gT

` Kg `. Since

K is strictly positive-definite, D(q k p)2 = 0 if and only if g ` = 0 for all `. Therefore,

�p,q(x ) = 0 for all x 2 X d . By Theorem 5.2.1, this holds if and only if p = q.

5.4 Goodness-of-Fit Testing via KDSD

Given a (possibly unnormalized) model distribution p and i.i.d.samples {x i}
n
i=1 from

an unknown data distribution q on X d , we would like to measure the goodness-of-fit

of the model distribution p to the observed data {x i}
n
i=1. To this end, we perform the

hypothesis test H0 : p = q vs. H1 : p 6= q using the kernelized discrete Stein discrepancy

(KDSD) measure. Denote S (q k p) := D(q k p)2; we can estimate S (q k p) via a U-statistic

(Hoeffding, 1948) which provides a minimum-variance unbiased estimator:

bS (q k p) =
1

n(n� 1)

n
X

i=1

n
X

j 6=i

p(x i, x j) . (5.17)

As in the continuous case (cf. Section 3.3), the U-statistic bS (q k p) is asymptotically

normal under the alternative hypothesis H1 : p 6= q, but becomes degenerate under the

null hypothesis H0 : p = q. More precisely, we have the following result adapted from

Theorem 3.3.1; its proof follows from standard asymptotic results of U-statistics.

Theorem 5.4.1 (Adapted from Theorem 4.1 of Liu et al. (2016)). Let k(x , x 0) be a

strictly positive definite kernel on X d , and assume that Ex ,x 0⇠q

⇥

p(x , x 0)2
⇤

<1. We have

the following two cases:

(i) If q 6= p, then bS (q k p) is asymptotically normal:

p
n
�

bS (q k p)� S (q k p)
� D
!N (0,�2), 75

where �2 = Varx⇠q(Ex 0⇠q

⇥

p(x , x 0)
⇤

)> 0.

(ii) If q = p, then �2 = 0, and the U-statistic is degenerate:

nbS (q k p)
D
!

X

j

c j(Z2
j � 1),

where {Zj}
iid
⇠ N (0,1) and {cj} are the eigenvalues of the kernel p(·, ·) under q.

Since the asymptotic distribution of bS (q k p) under the null hypothesis cannot be

easily calculated, we follow Liu et al. (2016) and adopt the bootstrap method for

degenerate U-statistics (Arcones and Gine, 1992; Huskova and Janssen, 1993) to draw

samples from the null distribution of the test statistic. Specifically, to obtain a bootstrap

sample, we draw random multinomial weights w1, . . . , wn ⇠ Mult(n; 1/n, . . . , 1/n), set

ewi = (wi � 1)/n, and compute

bS⇤(q k p) =
n
X

i=1

n
X

j 6=i

ewi ewjp(x i, x j). (5.18)

Upon repeating this procedure m times, we calculate the critical value of the test by

taking the (1�↵)-th quantile of the bootstrapped statistics {bS⇤b}mb=1.

The overall goodness-of-fit testing procedure is summarized in Algorithm 1. Comput-

ing the test statistic in Eq. (5.17) takes O(n2) time, where n is the number of observations,

and the bootstrapping procedure takes O(mn2) time, where m is the number of bootstrap

samples used.

Kernel choice. A practical question that arises when performing the KDSD test is the

choice of the kernel function k(·, ·) on X d . For continuous spaces, the RBF kernel might

be a natural choice; Gorham and Mackey (2017) also provide further recommendations.

For discrete spaces, a naive choice is the �-kernel, k(x , x 0) = I{x = x 0}, which suffers

from the curse of dimensionality. A more sensible choice is the exponentiated Hamming

kernel:

k(x , x 0) = exp{�H(x , x 0)}, (5.19)

where H(x , x 0) := 1
d

Pd
i=1 I{xi 6= x 0i} is the normalized Hamming distance. The next

lemma shows that Eq. (5.19) defines a positive definite kernel.


